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This talk is essentially a ‘warm-up’ for the main ideas of the blob complex
paper. For the most part, it’s intended as a summary of how to think about
topological quantum field theories via ‘fields and local relations’. We’ll look
at some examples of fields, and then use these to motivate the axiomatics.
This will get us ready for reading §3, the first definition of the blob complex.
As we go, I’ll also sketch the relationship between fields and local relations
and higher categories. For the most part I’ll be a little vague about the
definitions of higher categories, and instead try to talk about fields and
local relations in a way that conveys the intuitions for our later definition
of a ‘disklike n-category’, in §6.

1. Examples of fields

The barebones data of an ‘n-dimensional system of fields’ F is a collec-
tion of functors Fk, for 0 ≤ k ≤ n, from the groupoid of k-manifolds and
homeomorphisms to the category of sets. That is, we have to specify the
‘set of fields on M ’, for any manifold M of dimension at most n, along with
a prescription for how these sets transform under homeomorphisms of M .

Whenever we have a system of fields, we also need the ‘local relations’.
This is a functor U from the groupoid of n-balls and homeomorphisms to
the category of sets, such that U ⊂ F and homeomorphisms act compatibly.
Note that the local relations are only defined on balls, not arbitrary n-
manifolds (hence ‘local’), and they only live at the top dimension.

There are two main examples which will motivate the precise definitions,
so we’ll go and understand these in some detail first.

1.1. Maps to a target space. Fixing a target space T , we can define a
system of fields Maps(− → T ). Actually, it’s best to modify this a bit,
just in the top dimension, where we’ll linearize in the following way: define
Maps(Xn → T ) on an n-manifold X to be formal linear combinations of
maps to T , extending a fixed linear map on ∂X. (That is, arbitrary boundary
conditions are allowed, but we can only take linear combinations of maps
with the same boundary conditions.) This will be a common feature for
all ‘linear’ systems of fields: at the top dimension the set associated to an
n-manifold will break up into a vector space for each possibly boundary
condition.
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What then are the local relations? We define U(B), the local relations
on an n-ball B, to be the subspace of Maps(B → T ) spanned by differences
f − g of maps which are homotopic rel boundary.

Let’s identify some useful features of this system of fields and local rela-
tions; momentarily these will inspire the axioms.

Boundaries: We can restrict f : X → T to a map ∂f : ∂X → T .
Gluing: Given maps f : X → T and g : Y → T , and homeomorphic

copies of S in the boundaries of X and Y , such that f |S = g|S , we
can glue the maps together to obtain f •S g : X ∪S Y → T .

Relations form an ideal: Suppose X and Y are n-balls, and we can
glue them together to form another n-ball X ∪S Y . If f, g : X → T
are homotopic maps, and h : Y → T is an arbitrary map, and all
agree on the (n−1)-ball S, then f •Sh and g•Sh are again homotopic
to each other. Said otherwise, f − g was a local relation on X, and
(f − g) •S h is a local relation on X ∪S Y .
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