REFEREE REPORT FOR “THE BLOB COMPLEX?”
BY SCOTT MORRISON AND KEVIN WALKER

The paper “The Blob Complex” by Scott Morrison and Kevin Walker defines a
chain complex, the so called “blob complex” to the initial data of an n-category.
Here, the authors define their own version of an n-category, which, in the text, is
compared to more traditional definitions of n-categories, and moreover is closely
related and motivated by the notion of TQFTs coming from system of fields and
local relations. One of the main theorems of the paper states that in the case of a 1-
category, the blob complex associated to this 1-category is homotopy equivalent to
its Hochschild chain complex. Furthermore, it is shown how to recover the chains on
the mapping space of a space as the blob complex of a certain n-category associated
to the base space. Various other properties of the blob complex are studied. In
particular an action of the singular chains of the space of homeomorphisms between
n-manifolds on the blob complex is given. As an application this is used later to
describe a higher dimensional version of the Deligne conjecture.

I think the paper is both substantial and significant. It touches on a variety of
subjects both in pure and physically motivated mathematics and relates them in
a non-trivial way. The topics include a wide range from n-categories to TQFTs
to the Deligne conjecture, with, as the authors state in the introduction, possible
future applications to the Khovanov homology of a link. Moreover, the definitions
in the paper are broad enough to allow for an additional variation of the setup,
placing it certainly in the range of papers published in Geometry & Topology. To
further improve the paper, I have attached a list of specific comments and other
minor typos below, which should be addressed before publication.

Overall, this is a very interesting paper, and I believe that Geometry & Topology
would be a suitable journal for it.

Mathematical points and recommendations on the presentation of the paper:
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4. p.9, Section 1.7, and p.12, Section 2.2: Provide some references that contain
precise definitions for the type of traditional n-categories you are consider-
ing in the paper (including pivotal 2-categories, and *-1-categories).

5. Section 1: The use of the word n-category both for disk-like n-categories
and traditional n-categories is sometimes confusing in the introduction.—TFe
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minimize confusion, add the corresponding qualifier throughout Sections
1.5-1.7. Also in Figure 1, change “topological n-category” to “disk-like
n-category”=
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Section 4.1: It is my understanding from Section 2.2 that the notation
for a traditional 1-category is C' whereas its associated system of fields is
denoted by C. Unfortunately, this distinction is not carried through Section
4.1, making it difficult to follow the exact statements of this section. I
recommend to keep the distinction throughout Section 4.1. (Also, the same
comment applies to the statement of Theorem 4.1.1 on p. 6 and to p. 77.)
Moreover, since the proof of Proposition 4.1.3 relies on abstract properties
for modules, some further comments on the relationship between modules
over the traditional category C and the concept of modules over C from
Section 6.4 should be added.
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p-48, 1. 10—15 The passage from fields and local relations to n-categories is
important and should be stated (at least) as a Lemma.
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fields and local relations from p.48, i.e. see item 13 above
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p-71, 1.17-18: Make the definition of the blob complex of an A, n-category
into an actual definition to underscore its importance.
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p-74: Theorems 7.1.4 and 7.1.5 really require a more detailed discussion of
their definitions and proofs, which are only indicated on p.74. I recommend
to remove the theorems and make this whole page (up to Section 7.2) into
a remark instead.

p.75, 1.6: State the exact assumptions you are making for Section 7.2 (e.g.
that you are assuming an n-dimensional system of fields as in Example
6.2.8).
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p.80, 1.17-18: State the assumptions again (e.g. C is an A, n-category),
and add a reference to Section 6.6 for the notion of morphisms of modules.
p-81, End of proof of Theorem 8.0.2: The compatibility of the action of
C.(Homeo(- — -)) with gluing and associativity are only true up to homo-
topy (see Theorems 5.2.1 and 5.2.2). How is this reconciled with the operad
compatibility that should not be up to homotopy but on the nose?

p-81: In the beginning of Appendix A, state where this appendix will be
used (Lemma 3.2.3, etc.)
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