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Abstract.

1. Introduction

1.1. Conventions used throughout. Symmetrisers and antisymmetris-
ers of tensors are denoted as usual using parentheses and square brack-
ets, so, for example, C(ab) = 1

2
(Cab + Cba), C[ab] = 1

2
(Cab − Cba), and

Cab = C(ab) + C[ab]. If G is a Lie group, L(G) denotes its Lie algebra.
Ad(g) is the adjoint representation of G on L(G), defined as the de-
rivative of the inner automorphism of G, g′ 7→ Ig(g

′) = gg′g−1, at the
identity. Thus Ad(g) = Ig∗e. All our manifolds are considered to be
Hausdorff, and paracompact.

2. Lorentz structures

We illustrate two equivalent descriptions of a Lorentz structure on a
4 dimensional manifold. The more usual method of defining a Lorentz
structure is as a metric of Lorentzian signature (+−−−), along with
both an orientation and a time orientation. The alternative description
we will use is as a reduction of the structure group of the frame bundle
of the manifold to the restricted Lorentz group.

2.1. The restricted Lorentz group. The unrestricted Lorentz group
is O(1, 3), that is the group of linear maps from R

4 to R4 preserving
the (non positive-definite) inner product

< x, y >= x0y0 − x1y1 − x2y2 − x3y3.(2.1)

The orientation preserving Lorentz group is SO(1, 3), consisting of such
maps with unit determinant. The orientation preserving Lorentz group
is not connected however, and is split according to whether a map pre-
serves or reverses time orientation. In terms of coordinates, a Lorentz
transformation preserves the time orientation if the upper left entry of
its matrix is positive. The component containing the identity is de-
noted SO0(1, 3), and forms a group itself, which we will refer to as the
restricted Lorentz group, and for brevity write as Λ.
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2.2. Lorentzian metrics. A Lorentz metric g on a manifold is a sym-
metric non-degenerate tensor of type (0, 2), with signature (+−−−).
That the metric is non-degenerate means that there is no vector X ∈
TmM so g(X, Y ) = 0 for all Y ∈ TmM . In terms of coordinates, this
means the matrix of components for g is non-singular. The require-
ment on the signature means that at each m ∈M there are orthogonal
vectors t, x, y, z ∈ TmM so g(t, t) = 1, and g(x, x) = g(y, y) = g(z, z) =
−1.

A Lorentz metric divides vector into three classes. A vector X is
null if g(X,X) = 0. It is spacelike if g(X,X) < 0, and timelike if
g(X,X) > 0.

2.3. Orientations. The timelike vectors at each point form two dis-
connected sets, according to the sign of

2.4. Reduction to the restricted Lorentz group. Suppose H is a
subgroup of G, ξ = H  P −→M is an H principal fibre bundle over a
base space M , and η = G P ′ −→M is a G principal fibre bundle over
M . We say that ξ is a reduction of η if there is a principal fibre bundle
morphism u : P → P ′ such that u(ph) = u(p)h for every h ∈ H.

Our second definition of a Lorentz structure is as a reduction of the
GL(4) frame bundle for M to a Λ bundle over M . As we will see, this
reduction defines a Lorentzian metric, and gives an orientation and
time-orientation to M.

2.5. Equivalence of these descriptions. Showing that a metric and
appropriate orientations defines a reduction of the frame bundle to a
Λ bundle is relatively straightforward. The Λ bundle is the bundle of
all positively oriented, future pointing, orthonormal frames, and the
principal fibre bundle morphism is the inclusion into the bundle of
frames. This inclusion is clearly a bundle morphism with the required
property, so we need only check that the given bundle is in fact a Λ
principal fibre bundle.

Suppose ΛM is a Λ bundle over M , which is a reduction of the frame
bundle FM according to the principal bundle morphism u : ΛM →
FM . We will proceed to define a Lorentzian metric on M . Firstly for
any b ∈ FM , a frame at the point m ∈ M , there is an injection from
R

4 to the vector bundle associated to FM by the usual action of GL(4)
on R4, ıb : R4 → FM ×GL(4)R

4, defined by ıb(r) = [b, r]. Further, this
associated bundle is isomorphic to the tangent bundle for the manifold,
TM , by [b, r] 7→

∑4
i=0 bir

i. Composing these maps, we can consider
ıb as an isomorphism ıb : R4 → TmM . Thus for any b ∈ ΛM over
the point m ∈ M there is a map ıu(b). If v, w ∈ TmM , then define the
metric by

gm(v, w) =
〈
ı−1
u(b)v, ı

−1
u(b)w

〉
.
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The inner product here is that of Eq. 2.1. This definition clearly makes
g symmetric and non-degenerate, because ı−1

u(b) is an isomorphism, and

the inner product of Eq. 2.1 is symmetric and non-degenerate. It
remains to check that this definition is independent of the choice of b.
Given d and d′ ∈ FM over the same base point m, there exists an
element of GL(4) denoted τ(d,d′) so dτ(d,d′) = d′. We call τ the
translation function. Thus [d′, r] = [d, τ(d,d′)r], and so

ı−1
d [d′, r] = ı−1

d [d, τ(d,d′)r]

= τ(d,d′)r.

In this notation, if v = [d, r], and w = [d, r′] for some d ∈ FM and
r, r′ ∈ R4, then gm(v, w) = 〈τ(u(b),d)r, τ(u(b),d)r′〉. Using some
other element of ΛM , say b′ instead of b, we find that there is some
element c ∈ Λ so b′ = bc, and

gm(v, w) = 〈τ(u(bc),d)r, τ(u(bc),d)r′〉
= 〈τ(u(b)c,d)r, τ(u(b)c,d)r′〉
=

〈
c−1τ(u(b),d)r, c−1τ(u(b),d)r′

〉
= 〈τ(u(b),d)r, τ(u(b),d)r′〉 .

The final line follows from the fact that elements of Λ preserve the inner
product on R4, according to the original definition. This final form is
exactly the expression we obtained using b, and so the Lorentzian inner
product is well defined.

Finally, it is not hard to see that with respect to this metric, and the
orientations ΛM is the bundle of future pointing, positively oriented,
orthonormal frames, and so these two constructions are compatible.

3. Connections on the Lorentz structure

In this section, we will demonstrate the existence of a unique met-
ric, torsion free connection on the manifold, given a Lorentz structure,
called the Levi-Civita connection. Our construction will be somewhat
unconventional, using the Λ bundle approach. Any principal fibre bun-
dle allows a connection, and we will see that all connections on ΛM are
automatically metric connections with respect to the Lorentzian metric
induced by the bundle. We give a description of all such connections,
and show that there is exactly one which is torsion free.

3.1. Existence of a connection. It is for the purposes of this con-
struction that we require the base manifold to be paracompact. This
is not too burdensome, and is nearly always included in the definition
of a smooth manifold.

Definition 3.1. A manifold is said to be paracompact if every open
covering of the manifold has a locally finite refinement [1, p. 16].
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If the manifold is connected this is equivalent to there being a count-
able basis for the topology [3, p. 271]. On such manifolds we can
construct partitions of unity.

Definition 3.2. Given an open covering (Uα)α∈A of M , a partition of
unity subordinate to this covering is a collection of smooth functions
(fα)α∈A on M so

1. 0 ≤ fα ≤ 1 for each α ∈ A,
2. the support of fα, that is, the closure of {m ∈M | fα(m) 6= 0}, is

contained in Uα for each α ∈ A, and
3.
∑

α∈A fα = 1.

Theorem 3.3. Let (Uα)α∈A be a locally finite open covering of M so
that each Uα is relatively compact. Then there exists a partition of
unity (fα)α∈A subordinate to this covering.

Proof. See [3, p. 272].

Lemma 3.4. Given a Λ bundle ξ = Λ ΛM
π−→M on a paracompact

manifold M , there exists a locally finite open covering (Uα)α∈A of M
by local trivialisations (Uα, ϕα) so that each Uα is relatively compact.
(Thus for each α ∈ A, ϕα : π−1(Uα) → Uα × Λ is a diffeomorphism,
and Uα is compact.)

We first recall the definition of a connection form (cf. [1, p. 288], [2,

p. 156] or [5]). We consider a principal fibre bundle ξ = G P
π−→M .

At each point p ∈ P , there is the vertical subspace of TpP , defined
by Vp = ker π∗. We define two maps identifying Vp with L(G). Let
θp : G → Pp be given be θp(g) = pg, and ψp : Pp → G be given by
ψp(p

′) = τ(p, p′). (τ is the translation function, described in §2.5.)
Now θp(ψp(p

′)) = p′ and ψp(θp(g)) = g. Also π ◦ θp(g) = π(pg) = p so
π ◦ θp is a constant function for each p, so π∗θp∗v = (π ◦ θp)∗v = 0, so
θp∗ : L(G)→ Vp and ψp∗ : Vp → L(G) are linear isomorphisms.

Definition 3.5. A connection form on ξ is a linear map ω : TP →
L(G), that is, a 1-form on P with values in the Lie algebra of G, such
that

1. ωp(u) = ψp∗u for all u ∈ Vp,
2. ωpg(g∗u) = Ad(g−1)ωp(u) for all g ∈ G

Theorem 3.6. There exists a connection form on any Λ principal fibre
bundle, ξ = Λ ΛM

π−→M .

Proof. Let (Uα)α∈A be an open covering of M as described in Lemma
3.4, and let (fα)α∈A be a partition of unity subordinate to this open
covering. We will define a connection on ΛM using the Lie algebra
valued form description, defining a connection on π−1(Uα) for each
α ∈ A and patching these together using the partition of unity.
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We now define a connection form on the each of the sub-bundles
π−1(Uα). Given p ∈ π−1(Uα), ϕα(p) = (m, g), say. If u ∈ TpP , then
ϕα∗u ∈ T(m,g)Uα × Λ. This tangent space splits, since T(m,g)Uα × Λ =
TmUα × TgΛ. Thus we can always write u as u = v +w, where ϕα∗v ∈
TmUα, and ϕα∗w ∈ TgΛ. Moreover, given this decomposition, g∗u =
g∗v+g∗w, and this represents a similar decomposition, since the action
of g commutes with the trivialisation. We then define ωαp (u) = ψp∗w.
The first property we require of a connection form, that it maps vertical
vectors into the Lie algebra according to ψp∗, is satisfied since the
vertical vectors u are those such that v = 0, and so this definition gives
ωαp (u) = ψp∗u. Next, we calculate

(ψpg ◦ g)(p′) = ψpg(p
′g)

= τ(pg, p′g)

= g−1τ(p, p′)g

= g−1ψp(p
′)g,

and so (ψpg ◦ g)∗ = Ad(g−1)ψp∗. Then

ωαpg(g∗u) = ψpg∗g∗w

= Ad(g−1)ψp∗w

= Ad(g−1)ωαp (u),

and so ωα is in fact a connection form on π−1(Uα).
Finally, we obtain a connection form on the entire bundle simply by

writing ω =
∑

α∈A fαω
α.

3.2. ΛM connections are metric. Whether a connection is metric or
not is usually discussed in terms on the linear connection, or covariant
derivative, induced on the associated tensor bundles by the principal
fibre bundle connection (see [2], [4] or [5] for details). Thus the con-
dition that a connection is metric is written ∇agbc = 0. To show that
any connection on ΛM is metric with respect to the Lorentzian metric
induced by the bundle, we will step back slightly, and describe how
this metric is parallel transported by the connection. Specifically, if
the metric at one point is parallel transported to another point, it is
found to be exactly the metric previously defined at this point. This
then ensures that the covariant derivative of the metric is zero, that is,
∇agbc = 0.

Since the metric is a (0, 2) tensor, we can think of it as lying in the
associated bundle ΛM ×Λ (R4 × R4)

∗
. We think of (R4 × R4)

∗
as a

map hab : R4 × R4 → R. If the usual representation of Λ on R4 is
written f(rb) = fαβ r

β for f ∈ Λ and rb ∈ R4, then the representation

of Λ on (R4 × R4)
∗

is given by f(hab) = f gaf
d
b hgd. In this bundle the

metric induced from the Lorentz structure is given by gab = [b, ηab],
where b is any orthonormal base, that is, any element of ΛM , and
ηab : R4 × R4 → R is given by ηabv

awb = v0w0 − v1w1 − v2w2 − v3w3.
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By the definition of Λ, this ηab is isotropic under the action of Λ, that
is, f(ηab) = f gaf

d
b ηgd = ηab.

Now, when the metric is parallel transported along some curve, if
b is carried along this curve to b′, then [b, ηab] is taken to [b′, ηab].
However, at the end of this curve the metric is given by gab = [b′′, ηab]
for some b′′ ∈ Λ, and so there is some f = τ(b′′,b′) ∈ Λ so b′ = b′′f .
Then the parallel transport of the metric is [b′′f, ηab] = [b′′, f(ηab)] =
[b′′, ηab], which is our expression for the metric at the end of the curve.
Thus parallel transport carries the metric to itself, and so the covariant
derivative of the metric vanishes.

3.3. Metric connections are connections on the bundle ΛM .

3.4. Classification of connections. We will consider two arbitrary
covariant derivatives on M , ∇ and ∇̃. These correspond to connections
on the frame bundle FM , but because we do not yet assume that these
derivatives are metric, they do not necessarily define connections on the
Lorentz structure, the bundle ΛM . Consider now an arbitrary vector
field ta, and smooth function f , and calculate

(∇b − ∇̃b)ft
a = (df)bt

a + f∇bt
a − (df)bt

a − f∇̃bt
a

= f(∇b − ∇̃b)t
a.

Thus ∇b − ∇̃b defines a C∞(M)-linear map from vectors (type (1, 0)
tensors) to type (1, 1) tensors, and so is itself given by a type (1, 2)
tensor, say Ca

bc. That is, (∇b − ∇̃b)t
a = Ca

bct
c.

Conversely, it is clear that if ∇̃ is a covariant derivative, then ∇
defined by ∇bt

a = ∇̃bt
a+Ca

bct
c is also a covariant derivative, since then

∇ : sa, tb → (∇st)
b = sa∇at

b is C∞(M)-linear in sa, R-linear in tb, and
satisfies the Leibniz rule.

These observations classify all covariant derivatives corresponding to
connections on the frame bundle. We next specialise to metric covariant
derivatives, that is, those corresponding to connections on the Lorentz
structure.

If both ∇ and ∇̃ are metric, then

∇agbc = ∇̃agbc − Cd
abgdc − Cd

acgbd

= −Ccab − Cbac
= 0.

Thus Cabc = −Ccba. Conversely, if ∇̃ is metric, and ∇ is defined by
∇bt

a = ∇̃bt
a+Ca

bct
c, where Cabc = −Ccba, then∇ is also a metric covari-

ant derivative. This then classifies all covariant derivatives associated
with connections on the Lorentz structure.
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3.5. The torsion free connection. A covariant derivative ∇ is said
to be torsion free or symmetric (as is the corresponding connection)
if for all f ∈ C∞(M), ∇a∇bf = ∇b∇af . We prove here that there is
exactly one torsion free metric connection.

Theorem 3.7. If ξ = Λ  ΛM
π−→M is a Lorentz structure, there is

exactly one connection on ξ so that the associated covariant derivative
is torsion free.

Proof. Let ∇̃ be a metric covariant derivative. Suppose ∇ is defined
by ∇bt

a = ∇̃bt
a + Ca

bct
c. Then

∇a∇bf −∇b∇af = ∇̃a∇̃bf − ∇̃b∇̃af − (Cc
ab − Cc

ba)∇cf.

We want to be able to choose Cc
ab so that Cc

ab = −Cb
ac, so ∇ is also

metric, and so that (Cc
ab −Cc

ba)(∇cf) = 2Cc
[ab]∇cf = ∇̃a∇̃bf − ∇̃b∇̃af .

In this case, we will have ∇a∇bf = ∇b∇af , so ∇ is torsion free.
The second condition defines the antisymmetric part of Cc

ab. To see
this, we choose an open covering of M by relatively compact coordinate
neighbourhoods (Uα)α∈A of M , and a partition of unity subordinate to
this covering (fα)α∈A. In each Uα, if xµ, for µ = 1, . . . , n, denote the
coordinate functions, we define a

C(α)µ

[ab] =
1

2

(
∇̃a∇̃bx

µ − ∇̃b∇̃ax
µ
)
.

With this definition (Cc
ab − Cc

ba)(∇cf) = ∇̃a∇̃bf − ∇̃b∇̃af

4. Spinor structure

It is at this point, when we come to define a spinor structure, that
the effort required to reformulate the ideas of Lorentzian metrics and
compatible covariant derivatives in terms of Λ bundles and connections
thereon comes to fruition.

Given a Lorentz structure, namely a principal fibre bundle Λ  
ΛM

π−→M , a spinor structure for this Lorentz structure is an SL(2,C)

principal fibre bundle SL(2,C) ΣM
π̂−→M , along with a fibre bundle

morphism u : ΣM → ΛM , so that u(pg) = u(p)ρ(g), for all g ∈
SL(2,C), where ρ : SL(2,C)→ Λ is the two-fold covering map.

From the Levi-Civita connection on ΛM , thought of as a connection
form ω : T (ΛM) → L(Λ), we obtain a connection on ΣM . It might
seem unlikely that this could be possible – after all, ω takes values in the
Lie algebra of Λ, whereas a connection on ΣM must take values in the
Lie algebra of SL(2,C). However, the covering map ρ : SL(2,C)→ Λ
provides an isomorphism of these Lie algebras, by its derivative at the
identity of SL(2,C), denoted ρ∗e : L(SL(2,C))→ L(Λ). We define the
connection by ω̂ = (ρ∗e)

−1u∗ω.

Theorem 4.1. ω̂ is a connection on ΣM .
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Proof. The proof is relatively straightforward, although requiring sev-
eral technical calculations. It will be useful to define a partial inverse
function to ρ for this proof. Since ρ is a covering map, there is a
neighbourhood of the identity in SL(2,C), say U , so that ρ |U is a one-
to-one, a (local) isomorphism. We will abbreviate (ρ |U)−1 to simply
ρ−1. Notice (ρ∗e)

−1 = (ρ−1)∗e.
We need to check that vertical vectors in ΣM , that is, vectors v ∈

TΣM such that π̂∗v = 0 are mapped appropriately into the Lie algebra.
We define a new translation function τ̂ and a function ψ̂q : ΣMq →
SL(2,C), analogous to ψp. Thus if q, q′ ∈ π̂−1(m), then qτ(q, q′) = q′,

and ψ̂q(q
′) = τ(q, q′). The condition on ω̂ can then be stated as ω̂q(v) =

ψ̂q(v) for all v ∈ TΣM such that π̂∗v = 0. Now, since qτ(q, q′) = q′,
u(q)ρ(τ(q, q′)) = u(q′), so ρ(τ(q, q′)) = τ(u(q), u(q′)), and as long as
τ(q, q)) ∈ U , then τ(q, q′) = ρ−1τ(u(q), u(q′)). Thus (ρ−1 ◦ ψu(q) ◦
u)(q′) = τ(q, q′) = ψ̂q(q

′), and (ρ−1 ◦ψu(q) ◦ u)∗ = ψ̂q∗. Also, if π̂∗v = 0,
then π∗u∗v = 0, simply because π ◦ u = π̂. Thus ωu(q)(u∗v) = ψp∗u∗v.
Finally,

ω̂q(v) = ρ−1
∗e ωu(q)(u∗v)

= ρ−1
∗e ψu(q)∗u∗v

= ψ̂q∗v,

as required.
Secondly, to confirm that the ‘elevator property’ holds, we calculate,

for g′ ∈ ρ(U),

(ρ−1 ◦ Iρ(g−1))(g
′) = ρ−1(ρ(g−1)g′ρ(g))

= g−1ρ−1(g′)g

= (Ig−1 ◦ ρ−1)(g′).

Thus, using (ρ∗e)
−1 = (ρ−1)∗e, we have

ρ−1
∗e Ad(ρ(g−1)) = (ρ−1 ◦ Iρ(g−1))∗e

= (Ig−1 ◦ ρ−1)∗e

= Ad(g−1)ρ−1
∗e .

We finish the proof as follows.

g∗ω̂ = g∗ρ−1
∗e u

∗ω

= ρ−1
∗e g

∗u∗ω

= ρ−1
∗e u

∗(ρ(g))∗ω

= ρ−1
∗e u

∗Ad(ρ(g−1))ω

= ρ−1
∗e Ad(ρ(g−1))u∗ω

= Ad(g−1)ρ−1
∗e u

∗ω

= Ad(g−1)ω̂.
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Defining a spinor structure directly in terms of the metric on M is
considerably more cumbersome. Finding the connection on the spinor
structure associated with the Levi-Civita covariant derivative is even
more so.
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