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1 Introduction and summary

The goals of this paper are to summarize and clarify the invariants of knots to-
gether with a flat SL2(C) connection in the complement described in the papers
of Kashaev and Reshetikhin, and to compute these invariants for twist knots. The
point of view that we will take is that the Kashaev-Reshetikhin invariants are ra-
tional functions on various moduli spaces of flat SL2(C) connections. In particular
we pay close attention to the geometric holonomy (for hyperbolic and torus knots)
and its component in the moduli space.

The main mathematical differences between this paper and the earlier papers of
Kashaev-Reshetikhin are the following

• we use the generalized knot group to clarify the dependence of these invari-
ants on the discrete parameter,

• we correct the formula for quantum trace and prove invariance under all
versions of the second Reidemeister move,

• we prove that although the invariant only exists for generic flat connection,
every SL2 orbit of flat connections contains a generic one, and

• we exhibit a convenient basis for generic representations which allows for
computer computation.

First let’s recall the Reshetikhin-Turaev prescription for producing knot invariants
from representations of quantum groups. (We modify the usual procedure slightly
so that it applies to representations of quantum dimension 0.)

(1) Start with a knot K , a quantum group Uq(g), and an irreducible representa-
tion V .

(2) Fix a Morse presentation of the string knot K ′ obtained by cutting open K
at a point.

(3) Break up K ′ into a sequence of cups, caps, and crossings.

(4) Interpret each elementary piece as a map between tensor products of V and
V ∗ , using the braiding (for crossings), evaluation, coevaluation, quantum
trace, and quantum cotrace (for cups and caps, depending on orientation).

(5) Compose all these maps giving a map V → V . Since V is irreducible this
map is given by a scalar.

The Kashaev-Reshetikhin invariants are a modified version of this procedure for
the quantum group Fζ(PSL∗

2(C)) for ζ a root of unity (this is a slight variant of
the Kac-De Concini unrestricted quantum group Uunr

ζ (sl2)). The key difference
is in the braiding, which instead of being an isomorphism between simple mod-
ules V ⊗ W → W ⊗ V is instead a map of bimodules End (V ) ⊗ End (W ) →
End (W ′) ⊗ End (V ′) where W ′ and V ′ are new bimodules determined by V and
W . Furthemore this braiding is only defined for a generic choice of V and W .
(Here generic means that their central characters live in a specific Zariski open sub-
space of Spec(Z(Fζ(PSL∗

2(C)))) = PSL∗

2(C).)

Thus, before we can extract an invariant following the above process, we first need
to fix a labeling of the knot diagram by generic representations of Fζ(PSL∗

2(C)).
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Kashaev and Reshetikhin observed that such a labeling is closely related to a choice
of flat connection in the complement of the knot. We make their observation more
precise as follows: a generic choice of labeling of the knot diagram by representa-

tions of Fζ(PSL∗

2(C)) is exactly the same as a generic map in Hom
(

π
(ℓ)
1 ,SL2(C)

)

where π
(ℓ)
1 is the ℓth generalized knot group (roughly π

(ℓ)
1 is π1(S

3 − K) together
with a choice of an ℓth root of the meridian).

In summary, the Kashaev-Reshetikhin invariant (KaRe(K) for short) is a rational

function on the affine variety Hom
(

π
(ℓ)
1 ,SL2(C)

)

which can be produced by the

following recipe:

(1) Fix a Morse presentation of the string knot K ′ obtained by cutting open K
at a point.

(2) Use the representation of the generalized knot group and the Kashaev-Reshetikhin
factorization map to assign to each edge an element of PSL∗

2(C) together with
a choice of ℓth root for its eigenvalues.

(3) Use the inverse of the central character map to give a labeling of the edges by
irreducible representations of the quantized ring of functions Fq(PSL∗

2(C)).

(4) Replace a simple representation V by the simple bimodule End (V ). (This is
for technical reasons, see SECTION BLAH for how this modification affects
ordinary quantum knot invariants.)

(5) Use the formulas for braiding, cup, and cap to interpret K ′ as a map of simple
Fq(PSL∗

2(C))-bimodules. The generic condition assures that the braiding is
well-defined.

(6) Since the bimodule is simple, this gives a number. That number is the value

of the Kashaev-Reshetikhin invariant for that point in Hom
(

π
(ℓ)
1 ,SL2(C)

)

.

By looking more closely at the structure of Hom
(

π
(ℓ)
1 ,SL2(C)

)

we can produce

simpler invariants. Because KaRe(K) is constant on orbits of the conjugation ac-
tion by SL2(C), it descends to a rational function on the character variety which

is the GIT quotient X(π
(ℓ)
1 ) = Hom

(

π
(ℓ)
1 ,SL2(C)

)

//SL2(C). Using the peripheral

subgroup of π
(ℓ)
1 (generated by the longitude and the ℓth root of the meridian), the

1-dimensional components of the character variety are birationally equivalent to
subvarieties of CP 2 cut out by the A-polynomial. Furthermore, if K is a hyper-
bolic or torus knot, then the character variety has a distinguished 1-dimensional
subvariety which contains the holonomy coming from the finite volume complete
model geometry structure. Finally, we could just consider the value of the rational
function on the holonomy coming from the finite volume complete model geome-
try structure.

TODO: Outline
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2 The quantum group Fζ(PSL∗
2(C))

Definition 2.1 Let Fq(PSL∗

2(C)) be an algebra over Q[q, q−1] generated by E , F ,
and K±1 , subject to the following relations,

KE = q2EK,

KF = q−2FK , and

[E,F ] = (q − q−1)(K − K−1).

This algebra is a Hopf algebra with the coproduct defined by:

∆(K) = K ⊗ K,

∆(E) = E ⊗ K + 1 ⊗ E, and

∆(F ) = F ⊗ 1 + K−1 ⊗ F.

The counit and antipode are given by, ε(K) = 1, ε(E) = ε(F ) = 0, S(K) = K−1 ,
S(E) = EK−1 , and S(F ) = KF .

This algebra can be specialized to any point of Spec(Q[q, q−1]), in particular to any
nonzero complex number. We care about the sepcializations of the form Fζ(PSL∗

2(C))
for ζ a primitive ℓth root of unity for an odd number ℓ .

This algebra is almost identical to the unrestricted quantum group of De Concini
and Kac. Its main difference is the specialization at q = 1, where the De Concini-
Kac form has been modified to yield U(sl2), while our algebra specializes to the
ring of functions F (PSL∗

2(C). Since 1 is a primitive 1st root of unity, the difference
between our specialization and theirs is important.

The key fact about this algebra is that it has a large center.

Definition 2.2 Let Z0 be the subalgebra of Fζ(PSL∗
2(C)) generated by Eℓ, F ℓ,K±ℓ .

Theorem 2.3 Z0 is a Hopf subalgebra. Furthermore, Spec(Z0) is isomorphic as an
algebraic group to PSL∗

2(C). This identification is given by the following recipe for
thinking of elements of PSL∗

2(C) as functions on Z0 .

((

1 y
0 x

)

,

(

x 0
z 1

))

:
F ℓ 7→ −zx−1

Eℓ 7→ y
Kℓ 7→ x

Definition 2.4 Let Ω = EF + ζ−1K + ζK−1.

Theorem 2.5 The center of Fζ(PSL∗
2(C)) is generated by Z0 and Ω . The only poly-

nomial relation between the generators is

EℓF ℓ =
ℓ−1
∏

i=0

(Ω − ζiK − ζ−iK−1).
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For q = 1 we have that F1(PSL∗
2(C) is the ring of polynomial functions on PSL∗

2(C).
It is often convenient to consider larger rings of functions: rational functions, jets
of functions, functions analytic on some neighborhood, etc. If F ′ is such a ring of
functions, then we define

F ′

ζ(PSL∗

2(C) = Fζ(PSL∗

2(C) ⊗Z0
F ′.

3 Representations of the quantum group

TODO: discuss using endomorphisms

4 Factorizations of groups

A “factorization” of a group G is a choice of a group G∗ , two subgroups G+ and
G− of G∗ , and a function f : G∗ → G. This function should not be a map of groups,
instead it should behave like the map (g+, g−) 7→ g+g−1

− . To make this precise, we
fix an ambient group A and require that G, G+ and G− all be subgroups of A.
Typically we want the map f to be close to a bijection (for example, its image is
Zariski dense and its fibers are finite). The “inverse” of f (which may be multi-
valued or not defined everywhere) is called the factorization map.

The main source of examples is:

• G is a Poisson-Lie group,

• G+ is a fixed upper Borel,

• G− is the corresponding lower Borel, and

• G∗ is the Poisson-Lie dual group.

• A is a general linear group, or a projective general linear group.

Recall that two groups are Poisson-Lie dual if their Lie bialgebras are dual to each
other. Thus once you fix G or G∗ you still have some choice as to which form
to pick for the other group. This flexibility can allow one to turn a several-to-one
factorization into a one-to-one factorization. In particular consider the following
four examples. Example 3 will be our main example.

Example 1 Let G = SL2(C), let G+ and G− be the upper and lower Borels in
SL2(C). Consider the map

(

a b
0 a−1

)(

a−1 0
c a

)−1

=

(

a2 − bc a−1b
−a−1c a2

)

.

This map is generically 2-to-1 (for example, the fiber over the identity consists of
plus or minus the identity) and its image is the Zariski open subset of PSL2(C)
consisting of matrices whose lower-right entry is nonzero.
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Example 2 Let G = PSL2(C), let G+ and G− be the upper and lower Borels in
PSL2(C). Consider the map

(

a b
0 a−1

)(

a−1 0
c a

)−1

=

(

a2 − bc a−1b
−a−1c a2

)

.

This map is generically 2-to-1 (for example, the fiber over the identity consist of

the identity and

(

i 0
0 −i

)

) and its image is the Zariski open subset of PSL2(C)

consisting of matrices whose lower-right entry is nonzero.

Example 3 Let G = PSL2(C), let G+ and G− be the upper and lower Borels in
PSL2(C). As an algebraic group we can think of think of G+ as consisting of all
matrices of the form

(

a b
0 1

)

inside GL2(C). Consider the map
(

a b
0 1

)(

a 0
c 1

)−1

=

(

a − bc ab
c a

)

.

This map is generically 1-to-1 and its image is the Zariski open subset of PSL2(C)
consisting of matrices whose lower-right entry is nonzero.

Example 4 Let G = GL2(C), let G+ be matrices of the form
(

∗ ∗
0 1

)

,

let G− be matrices of the form
(

1 0
∗ ∗

)

.

The map is generically 1-to-1 and its image is the Zariski open subset of GL2(C)
consisting of matrices whose lower-right entry is nonzero.

5 Braiding

6 The representation variety, the character variety, and the

A-polynomial

Given a finitely presented group G (in our examples G is a generalized knot group),
define the representation variety R(G) = Hom (G,SL2). This is an affine variety
whose coordinates are given by the matrix entries of the images of the generators.
Let the character variety X(G) be the GIT quotient R(G)//SL2 . Explicitly the quo-
tient map R(G) → X(G) is given by the trace map. Let H ∼= Z × Z be a subgroup
of G (in our examples H is the peripheral subgroup consisting of the longitude
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and an ℓth root of the meridian). The character variety for H is X(H) = C× × C×

and we can look at the image of X(G) → X(H).

Often it is convenient to restrict our attention to certain components of X(G). In
particular, consider all the 1-dimensional components of X(G), we call the image
of these components in X(H) the generalized A-curve, and it is cut out by the
generalized A-polynomial.

By a result of Thurston, if K is geometric (that is a torus knot or a hyperbolic knot)
then the generalized A-curve has a distinguished component.

7 The generalized knot group

The central character restricted to Z0 gives a map from the set of irreducible rep-
resentations of Fζ(PSL∗

2) to PSL∗

2 . A generic representation is determined by its
full central character, which requires knowing the central character of the quantum
Casimir Ω = EF + ζ−1K + ζK−1 . Recall that Ω satisfies the following polynomial
equation:

EℓF ℓ =

ℓ−1
∏

i=0

(Ω − ζiK − ζ−iK−1).

Using the conjugation action by equivalences, we can assume that the element of
PSL∗

2 is upper-triangular. Thus F ℓ acts by 0. Hence, we see that χ(Ω) = k + k−1
for k some ℓth root of χ(Kℓ).

8 Example: the trefoil knot

In its 2-bridge presentation the fundamental group of the trefoil is

〈a, b, w|w = ba, aw = wb〉.

In terms of these generators the meridian is a and longitude is a−4ww∗ = a−4(ba)(ab).
The A-polynomial is (L − 1)(1 − LM6). Thus the 1-dimensional part of the char-
acter variety comes in two components, the commutative component (L − 1) = 0
and the geometric component (1 − LM6) = 0. These two components come from
the following representations of the knot group:

a 7→

(

M 0
0 M−1

)

b 7→

(

M 0
0 M−1

)

and

a 7→

(

M 0
0 M−1

)

b 7→

(

−M−2

M−M−1 1

−1 − 1
(M−M−1)2

M2

M−M−1

)

.
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On the geometric component the point (L = 1,M = 1) corresponds to the hyper-
bolic structure on the orbifold that the trefoil knot compliment Seifert fibers over.
Explicitly this point is given by the following representation of the knot group (this
formula is difficult to recover directly from the above formulas because they be-
have poorly as M → 1):

a 7→

(

1 1
0 1

)

b 7→

(

1 0
−1 1

)

.

Set µ3 = M , so that a representation of the generalized knot group G3(K) is deter-
mined by µ together with the above formulas. We can now compute the Kashaev-
Reshetikhin knot invariant at a 3rd root of unity for the trefoil.

KaRecomm
3 (K) = µ8 + 2µ6 + 4µ4 + 5µ2 + 7 + 5µ−2 + 4µ−4 + 2µ−6 + µ−8,

KaRegeom
3 (K) = 3(µ2 + 1 + µ−2)2.

In particular the value of KaRe3(K) on the geometric point corresponds to µ a
third root of unity. If µ = 1 we get 27, while if µ is a primitive cube root of unity
we get 0.

9 Example: the figure eight knot

In its 2-bridge presentation the fundamental group of the figure eight knot is

〈a, b, w|w = ab−1a−1b, aw = wb〉.

In terms of these generators the meridian is a and longitude is ww∗ = (ab−1a−1b)(ba−1b−1a).
The A-polynomial is (L− 1)(L2M4 + L(−M8 + M6 + 2M4 + M2 − 1) + M4). Thus
the 1-dimensional part of the character variety comes in two components, the com-
mutative component (L − 1) = 0 and the geometric component

L2M4 + L(−M8 + M6 + 2M4 + M2 − 1) + M4 = 0.

These two components come from the following representations of the knot group:

a 7→

(

M 0
0 M−1

)

b 7→

(

M 0
0 M−1

)

and

a 7→

(

M 0
0 M−1

)

b 7→

(

M3(L+M2)
(M2−1)2(M2+1)

−1+M2+(3+L)M4+M6−M8

M(M2−1)2(M2+1)

− M+LM3

(M2−1)(M2+1)
1−(2+L)M4−M6+M8

M(M2−1)2(M2+1)

)

.
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Explicitly the representation corresponding to the hyperbolic holonomy is:

a 7→

(

1 1
0 1

)

b 7→

(

1 0

−e
2πi

3 1

)

.

Set µ3 = M , so that a representation of the generalized knot group G3(K) is deter-
mined by µ together with the above formulas. We can now compute the Kashaev-
Reshetikhin knot invariant at a 3rd root of unity for the figure eight.

GET SCOTT TO FIX THIS!

In particular the value of KaRe3(K) on the hyperbolic holonomy gives 162 for
µ = 1 and 0 for µ a primitive cube root of unity.

10 Example: twist knots at the hyperbolic holonomy

Twist knots are given by the following picture:

When n = 0,−1, 1 this is the unknot, the trefoil, and the figure eight respectively.
For n 6= 0,−1 this knot is hyperbolic.

The fundamental group of a twist knot has the following presentation:

〈a, b, w|w = (b−1aba−1)n, aw = wb〉.

Importantly for us, Hoste and Shanahan have given explicit formulas for the hyper-
bolic point in twist knot. Their formulas split into two cases depending on whether
n is positive or negative. If n is positive, then the hyperbolic point is given by

a =

(

1 1
0 1

)

b =

(

1 0
−(x − x−1) 1

)

where x is the unique root of x4n+2+x4n+1
−x+1

x2+1
that satisfies (2n−2)π

4n
< arg(x) <

(2n−1)π
4n

. If n is negative then x is the unique root of −x−4n+x−4n−1+x+1
x2+1

that satisfies
(2n+3)π

4n
< arg(x) < (2n+2)π

4n
.

(Warning: remember that the hyperbolic point corresponds to a singular point on
the A-curve, all the roots of the above polynomial correspond to the same singu-
lar point, but different virtual points on its smooth cover. Furthermore KaRe(K)
typically does not have the same value on these different virtual points.)

The following table gives KaRe(K) evaluated at hyp1 and hypµ the hyperbolic
point with 1 and µ as the chosen cube root of the eigenvalue of the meridian.
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n KaRe(K)(hyp1) KaRe(K)(hypµ)

1 162 0
2 168.986 − 54.5257i 0
3 418.375 + 30.4018i 0
4 352.139 + 47.9167i 0
5 673.376 − 37.3665i 0
6 1112.4 + 63.914i 0
7 1059.55 + 75.2i 0

We do not know of any reason for the pattern in the third column.
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