SMALL INDEX SUBFACTORS, PLANAR ALGEBRAS,
AND FUSION CATEGORIES

The goal of these lectures is to describe recent work on the classifica-
tion of small index subfactors.
We've recently written a survey paper on the subject, The classification

of subfactors of index at most 5, arXiv:1304.6141.

We will study subfactors from the point of view of their “standard
invariant”, a unitary pivotal 2-category, with two objects C and D,
along with a chosen generating 1-morphism X : C — D.

In particular End (C) is a semisimple pivotal category, and in many
interesting cases has finitely many simple objects, so is an example of a
fusion category.

Fusion categories constitute an interesting middle ground in category
theory.

The ‘classical’” examples are the representation theories of finite groups,
or the representation theory of the U,(g) quantum group with ¢ a root
of unity.

Why, generally speaking, do we study categories?

(1) Sometimes (following Grothendieck), because it is best to study
a class of objects ‘from the outside’, looking only at the relation-
ships between objects (morphisms, tensor products, and so on)
but not at their ‘gory details’ (e.g. the points of a topological
space).

(2) Other times, because the most convenient axiomatization of an
algebraic gadget is through category theory. For example, we
can say a group is a category with one object and all morphisms
invertible.

Fusion categories are ‘categorical’ only in the second sense, I think.

So why am I talking about them here? After all, if a geometric
group theorist showed up here, prefacing his talks with “Recall a group
is a category with one object and all morphisms invertible...”, you’d
rightfully be annoyed.

Fusion categories, however, are very much higher categories. Admit-
tedly not that high, with n = 2, but it’s enough. In order to study them,
we need to use 2-dimensional topology in a pervasive way — exemplified

by the notion of a planar algebra, and its associated toolkit.
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Dimension 2 is still radically simpler than higher n, but I think
it’s nice to see how far the interaction between algebra and topology
successfully takes us, even if this is only a ‘warm-up’ case.

Returning towards subfactors, we’ll see that the study of small index
subfactors both gives us new, apparently exotic, examples of fusion
categories, and provides a natural motivation for building the tools to
classify and construct examples.

(In fact, the subjects of fusion categories and of (standard invariants
of) small index subfactors are philosophically extremely close. Following
Miiger, the standard invariant captures exactly a pair of fusion cate-
gories, along with a (categorified) Morita equivalence between them.)

Small index subfactors. An important measure of the ‘size’ of a
subfactor is its index, (dim X)2. The classification of subfactors with
index at most 4 has been well understood since the mid 90s. At index 6
and above certain wild features arise making classification intractable.
Building on earlier work of Haagerup we’ve now completed the classi-
fication for the interval (4, 5]. This has led to two surprises —

(1) The classification is surprisingly sparse, with only 10 examples,
coming in 5 related pairs.

(2) Some of these examples lie in families, or arise as special cases
of general constructions, but others are seemingly ‘sporadic’ or
‘exotic’. (The proofs that they even exist seem rather unenlight-
ening at this point!)
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