MODULAR DATA FOR THE EXTENDED HAAGERUP SUBFACTOR
TERRY GANNON AND SCOTT MORRISON

ABsSTRACT. We compute the modular data (that is, the S and 7" matrices) for the
centre of the extended Haagerup subfactor [BMPS12]. The full structure (i.e. the
associativity data, also known as 6-j symbols or F' matrices) still appears to be
inaccessible. Nevertheless, starting with just the number of simple objects and
their dimensions (obtained by a combinatorial argument in [MW14]) we find
that it is surprisingly easy to leverage knowledge of the representation theory of
SL(2,7) into a complete description of the modular data. We also investigate
the possible character vectors associated with this modular data.

1. INTRODUCTION

The extended Haagerup subfactor provides perhaps the strangest currently
known example of a quantum symmetry.

Fusion categories provide a suitable axiomatization for the notion of quantum
symmetry: they are the finitely semisimple rigid tensor categories. The fundamental
examples are the representation categories of finite groups (over C), but there are
many others. The semisimplified representation category of a quantum enveloping
algebra U, g at a suitable root of unity gives another source of examples.

The remarkable discovery of an interesting classification of finite depth subfactors
above index 4, initiated by Haagerup [Haa94], began to provide examples beyond
these ‘classical’ ones. In particular, each finite depth subfactor N C M gives a
pair of Morita equivalent unitary fusion categories, as the categories of N — N
and M — M bimodules. Haagerup and Asaeda constructed ‘exotic’ subfactors in
[AH99], and the last missing case in Haagerup’s classification between index 4 and
3 + /3 was provided by the construction by Bigelow-Morrison-Peters-Snyder of
the extended Haagerup subfactor [BMPS12]]. Some of these fusion categories are
distinctly different from those arising from finite groups or quantum groups: in
particular the fusion categories coming from the Haagerup and extended Haagerup
subfactors cannot be defined over any cyclotomic field [MS12]].

Since the discovery of these examples, there has been some progress towards
organising them. In particular, the theory of quadratic categories has been de-
veloped, particularly by Izumi [Izu01, Izul5] and Evans-Gannon [EG11, EG14].
These are categories with a group of invertible objects, and under the action of this
group by left and right tensor product, just one other double coset. The category of
N — N bimodules of the Haagerup subfactor is a quadratic category. While the
fusion categories coming from the Asaeda-Haagerup subfactor are not quadratic,
work of Grossman-Izumi-Snyder [GIS15] shows that they are Morita equivalent to
quadratic categories.

This leaves us with the following remarkable observation: the extended Haagerup

fusion categories are the only known fusion categories not known to be related
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to finite groups, quantum groups, and quadratic categories. While this almost
surely only reflects our feeble ability to discover and construct fusion categories,
nevertheless these categories remain uniquely interesting objects.

Every fusion category has a braided centre, which is a modular tensor category.
This paper tackles the problem of describing the braided centre of the extended
Haagerup categories. While we do not give a full description (in particular the
associators), we produce the modular data, that is, the S and 7" matrices.

Recently, Morrison-Walker discovered [MW14] that a purely combinatorial ar-
gument determines the number of simple objects, and their dimensions, in the
centre of extended Haagerup. This paper uses that just that information, and by
representation theoretic arguments determines the modular data.

More generally, fusion categories are notoriously difficult to classify, and we
hope that the methods described here can be developed into part of a machine for
analysing potential new examples. As a precedent, the classifications of rank 2 and
of rank 3 fusion categories [[Ost03, [Ost13]] have relied heavily on understanding
the possible modular centres. In fact, the arguments Sections[6] [7] and [§ have been
automated as part of a developing Mathemat ica package, which for example
can also perform the analogous arguments for the Haagerup and Asaede-Haagerup
categories.

It seems likely that every unitary modular tensor category can be realised as
the representation category for some strongly rational vertex operator algebra,
and as such a CFT would offer at least some ‘explanation’ for the existence of the
extended Haagerup subfactor. We explore what can be said about such an object.
In particular, we are able to describe the possible character vectors associated to
such a CFT. For ¢ = 8 or ¢ = 16, we can completely enumerate them; for ¢ = 24
we at least show that there are plausible candidates.

Both the Haagerup and extended Haagerup subfactors see the prime 13. Is this
a coincidence? The 13 enters their modular data in apparently different ways:

through the inequivalent irreps we call pélg) and ,0813) for the Haagerup and the
(

extended Haagerup respectively. However plf’) lies in the symmetric square of
pglg), and we will see in Section that the possible character vectors for both (at
the smallest possible value of central charge, namely ¢ = 8) are built from theta
functions of the lattice L = A352[1, }l], using notation of [CS99]. In particular,
our work suggests that there may be a natural relation between the (still hypo-
thetical) extended Haagerup VOA Vg and the square Vigag @ Vigag of the (still

hypothetical) Haagerup VOA.

2. BACKGROUND

Throughout we write £, = ¢*™/™, Zy = Z/NZ.

2.1. From subfactors to modular tensor categories. A fusion category C is a
C-linear semi-simple rigid monoidal category with finitely many isomorphism
classes of simple objects and finite-dimensional spaces of morphisms, such that
the endomorphism algebra of the unit object 1 is C. A *-operation on C is a
conjugate-linear involution Hom(z, y) — Hom(y, =) satisfying (fg)* = ¢*f* and
(f®@h)* = f*®h*forall f € Hom(x,y), g € Hom(z,y) and h € Hom(z,w). A
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x-operation is called positive if f*f = 0 implies f = 0. A category equipped with
a positive x-operation is called unitary or C*.

Given a finite index and depth subfactor N C M of Type II; factors, we obtain
two unitary fusion categories: the principal even part consisting of the N-N bi-
modules which occur as summands of tensor powers of y My, and the dual even
part, consisting of the M-M bimodules occurring as summands of tensor powers
of MM X N M M-

Let C be any fusion category. Write ®(C) for its set of isomorphism classes of
simple objects. So rankC = ||®(C)||. The Grothendieck ring K (C) of C is also

called its fusion ring. Given [z], [y] € ®(C), the structure constants N[[ }} w € >0

of the fusion ring defined by [z][y] = >_,| V, [x]’[y] [2] are called the fusion coefficients.
A dimension on C is a ring homomorphism from the fusion ring K (C) to C; the
Perron-Frobenius dimension PFdim of C is the unique dimension taking positive real
values on all non-zero objects.

A modular tensor category is a spherical braided fusion category C satisfying
a certain nondegeneracy condition. Define a matrix S , with rows and columns
indexed by ®(C), by S[z Lyl = treey(Cye © Czy), Where ¢, is the braiding. Then S
is well-defined; the non-degeneracy condition is that S be invertible. In a modular
tensor category, S is symmetric, and the values S[l ,l) define a dimension dim(x)
on C. If in addition C is unitary, dim= PFdim.

Given a fusion category C, the (braided) centre or (quantum) double construction
associates to it a modular tensor category Z(C). The forgetful functor Z(C) — C
defines a ring homomorphism on the fusion rings and (hence) preserves dimensions.
The forgetful functor has an adjoint called the induction functor. Given a finite
index and depth subfactor N C M, we obtain a (unitary) modular tensor category
by applying the centre construction to its principal even part. The modular tensor
category associated to the dual even part will be equivalent, but the two induction
functors can carry independent information, as we’ll see.

Given a fusion category C, or for that matter a subfactor N C M, it is very
difficult to determine the centre Z(C). A surprising discovery of Morrison-Walker
is that it is often possible to determine a unique possibility for the induction functor
at the level of the fusion rings.

Define a diagonal matrix T, with rows and columns indexed by ®(C), by Ti,y 1) =
Ozl y) (trz ® id;)(cp 2 ). Then T is well-defined and unitary. The assignment s — S,
t — T defines a projective representation of the modular group SL(2,Z) = (s, t),
where we put s = (% §),t = ({ ). The permutation matrix defined by Cf,j ] =
O1y),[=v] (Where 2" is the right or left dual of z) satisfies C* = I and commutes with
both S and T — it is often called charge-conjugation. Verlinde’s formula computes
the fusion coefficients of a modular tensor category C in terms of S:

(1) N =D Z dim ([w]) ™" Sa} fu) Sty ) S[e1, o]

where D? = > ljed(e) dim([m])Q.
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2.2. Modular data and congruence representations. A modular tensor cate-
gory is a fairly complicated beast. Remarkably, a highly constrained combinatorial
invariant of a modular tensor category seems close in practise to being a complete
invariant.

Definition 2.1. Let O be a finite set of labels, one of which (call it 1) is distinguished.
By modular data we mean matrices S = (Syy)zyca, T = (Tuy)zyco of complex
numbers such that

(a) S is unitary and symmetric; T is unitary and diagonal;

(b) S1, € R* forallxz € ®; there is some o € ® such that S,, > 0 forallx € ®;
(c) 8% = (ST)?;

(d) the numbers defined by

z wa SywS_zw
2) N, =D e

wed
are nonnegative integers, where the bar denotes complex conjugation.

The matrices S, 7" coming from a modular tensor category can always be rescaled
50 as to give modular data (with 1 being [1]) — in particular, S = DS (D is defined
only up to a sign, but the sign should be chosen so that DS has a strictly positive
row). When the modular tensor category is unitary, o in (b) is also [1]. When the
modular tensor category is the centre of a fusion category, then 7' = 7.

The surprising lesson of this paper is that, although it is very difficult in general
to obtain the modular tensor category from a fusion category or subfactor, it can
be surprisingly easy to obtain the corresponding modular data.

There are several easy consequences of the definition of modular data. One is
that it defines a (unitary) SL(2, Z)-representation p through s — S, ¢ — T'. We will
often call this p modular data. Also, C' = S? is a permutation matrix C, , = d, ,v
commuting with S and 7', and satisfies C? =] and

(3) fy = Syvy Vr,ye ®.

Hence 1V = 1 and 0 = o; moreover, C = [ iff S is real. The Perron-Frobenius
dimensions are PFdim(x) = g—g" When PFdim(z) = 1, then 2V = 1 in the fusion
ring, and this has significant consequences for .S and 7" (but as we won’t use these,
we won’t write them down).

The numbers S,, lie in some cyclotomic field Q[{y]. Then for each Galois
automorphism o € Gal(Q[{y]/Q), there is a permutation x — 27 of ® and signs
€s : & — {£1} such that
(4) U(Sxy) = Ea(x)sx",y = Ea(y)sa:,y” .

For example, complex conjugation corresponds to (3), i.e. to the permutation
x +— x" and signs €(x) = +1.

Verlinde’s formula (2) tells us the ratios S,,/S1,, being eigenvalues of the in-

teger matrix N, = (N?,), e, must be algebraic integers. Hence for any Galois

xa

automorphism o, both Si- 1 /S1; and

60(1071)0 (51011> _ <Sl"1)_1
60(1) S11 St
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are algebraic integers. But recall that dimz = S,1/51; for any x € ®. Thus we
know that dim(17) is an algebraic unit for all o. This observation will help us
identify later the Galois orbit of the unit 1.

Of course, Gal(Q[{n]/Q) = Z},, where the correspondence o < [ is given by
o(En) = £, We'll write o, for the automorphism corresponding to | € Zy. For
example, complex conjugation is o_;. We can say much more for the modular data
associated to a modular tensor category.

We let I'(IV) denote the principal congruence subgroup

{AeSL(2,Z)|A=1 (mod N)}.
We call N the conductor of an SL(2, Z)-representation p if NV is the smallest positive
integer such that I'(N) is in the kernel of p (and N = oo if no I'(M) is in the

kernel). We call N the conductor of a field K O Q if N is the smallest positive
integer such that K C Q[¢{y] (and N = o if no cyclotomic field contains K).

Proposition 2.2 (c.f. [NS10, Theorem 6.8] [CG99, Ban03l]). Let S, T, p be the mod-
ular data of a modular tensor category. Let N be the order of T'. Then N < oo, N
equals the conductor of p, and N is a multiple of the conductor of the field Q[5]
generated by all entries S,,,. Moreover,

(5) Tyo go = fo foro =0

for any 0 € Gal(Q[¢n]/Q). If we define a signed permutation matrix G, by
(G)ay = €5(2)0y 4o, then

(6) G, =CST'ST'STY"  foro = 0y,
where 1/’ denotes the inverse mod N of [.

Now, I'(N) is normal in SL(2, Z), with quotient SL(2,Z)/T'(N) = SL(2,Zy).
Thus this fact tells us that p factors through to a representation of the finite group
SL(2, Zy ), which we will also denote by p. It also tells us that G, = p(y), where
is any element in SL(2, Z) congruent mod N to ( 1%), where o0 = 0.

We write XEN) for the SL(2, Zy)-character denoted X.i by GAP, and denote

by pSN) the corresponding representation. This labelling is generally not unique,
and depends on how the conjugacy classes are identified with the columns of
GAP’s character table, but for the SL(2, Zy) we need, we will make this explicit.
For example, for SL(2,7Z,) we assign the generators S, T to class 2a, while for
SL(2,Z3) we assign S, T to class 4a and 3b, respectively. An SL(2,Zy)-irrep p
obeys p(—1) = £1.If it is +1 we call p even, in which case it factors through to an
irrep of PSL(2,Zy); if p(—1) = —1I, we call p odd.

Given a d-dimensional SL(2, Z)-representation p, write T (p) for the multiset
{t1,...,tqs} where {€*™} is the list of eigenvalues of p(t). For us, p(t) will al-
ways have finite order, so the t; € Q/Z. One easy consequence of an SL(2, Z)-
representation p having finite conductor N is that the multiset of 7" -eigenvalues
is independent of [ € Zy:

(7) {t1,... ta} = {IPt1,..., I%ty}  foralll € Z}.

To see this, note that in SL(2, Zy), £ equals ¢ conjugated by (S 1(/)5), and so TV
must have the same multiset of eigenvalues as 7'.
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Let Hp p"? be the prime decomposition of N. By the Chinese Remainder Theorem,
the group SL(2, Zy) is isomorphic to the direct product of the SL(2, Z,» ). This
implies that the irreps of SL(2, Zx ) are the tensor products ®,p,, where each p, is
an irrep of SL(2, Z,w» ).

For example, the even 1-dimensional SL(2, Z)-representations are pgl), ,053), ,0:(,)3),

while the odd ones are péz), péQ) ® ,053)7 pg) ® pé?’). These have

R RON RO
respectively.

Finally we have Cauchy’s theorem for modular tensor categories, recently proved
in [BNRW13]:

Proposition 2.3. The primes dividing the conductor of a modular tensor category
are the same primes that divide the norm of its global dimension.

(This result is not actually essential to what follows. Our first derivation of the
modular data did not use this, but it considerably simplifies the analysis.)

3. GALOIS ACTIONS

Lemma 3.1. Suppose a simple object x has T, a root of unity with order N, =
Hp ptr. Then the number of distinct eigenvalues of T" in the full Galois orbit of x is

E(N,) = max{1,2*7°} T »*'(p—1)/2

2<p|Nz
= N, 2 min{u23} H 1 1_1 .
2 p
2<p|Nz

The size of the full Galois orbit is thus a multiple of k(N,).

Proof. Suppose the order of T"is N, some multiple of N,.. For any ¢ € Zy , there is
an (' € Z3, with ¢/ = ¢ (mod N,). Now

. E/Q o 42
Toglzvayx - me — Tm

Thus there are as many distinct eigenvalues of 7" in the orbit of x as there are
images of the squaring map in Zy, .

Now, Z,,, = Z x Zy if ged(m,n) = 1. Moreover, Zy, = Zyn-1(,-1) for prime
p # 2 and any n, and Z3, = Zo X Zgn-2 for n > 2. Those well-known facts give
us the structure of any ZY;, and hence the cardinality of the image of the squaring

map, as given above. U

Corollary 3.2. Let S, T be the modular data of some modular tensor category. Sup-
pose a prime p divides the conductor of Q[d,;| for some z € ®, and ||®||< p(p —1)/2.
Then the order N of T" is pM, where M is coprime to p.

Proof. Since d, = S;1/511, Q[d,] C QI[S]. Certainly p divides N, by Lemma 1.2.
If p? divides N, then there would be some y € ® with root of unity 7}, having
order NN, a multiple of p. Then Lemma 3.1 would imply || ®[|> k(N,) > k(p?) =
p(p — 1)/2, a contradiction. O
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4. BASIC LEMMAS

Let S, T be the modular data coming from a modular tensor category, and let
p be the corresponding SL(2, Z) representation. Write N for the order of 7" and
® for the set of simple objects. Recall the multiset 7 (p) = {t,},co defined last
section, so T}, = exp(2mit,). As always, 1 € ® denotes the unit and =" the dual.

In the following, we will assume for convenience that 71; = 1, and that S,; > 0.
Both are true for instance for the double of any subfactor (as categorical dimensions
coincide with Frobenius-Perron dimensions, which are positive). All of our results
can be easily generalised when those assumptions are dropped.

Because p is a representation of the finite group SL(2, Zy ), it decomposes into a
direct sum p = @,z p; of irreps. Our strategy will be to control the possibilities
for this decomposition. Write S; = p;(s) and T; = p;(t). Like p, each p; is a matrix
representation; bases ®; are chosen so that each 7} is diagonal. Then there will
exist an invertible matrix (), with entries Q;,, fori € 7,2z € ®;,x € ®, such
that S = Q7'(9:5))Q and T' = Q' (®T;)Q. Write N = [ p"” as before; then
pi = @ppip Where p; j, is some irrep of SL(2, Zyy).

Call ¢ € Z even resp. odd if the subrepresentation p; is even resp. odd. Call a
simple object x unique if t, occurs with multiplicity one in 7 (p).

Let’s collect some simple observations. (See [BNRW15| §3] for some related
statements.)

Lemma 4.1.

(a) Iszz,;r 7& 0 or (Qil)x,iz 7é 0’ then E; zz — T;m’

(b) Suppose S, # 0. Then botht,,t, € T (p;) for some indexi € T.

(c) For eachx € @, writel, =} % form,, € Z; then there is a (not necessarily
unique) index i,, € T such that both 0,m,/p"* € T (p;, ) for all p.

(d) Suppose v € D is unique. Then i, defined in (c) is unique. Let & denote the
unique index in ®;, with T .;; = T,,. Then forallt €¢ 7,z € ®;,y € ,
Qize = 9D20ii, 0.5 and Q;,3.y = Qudgy, for some nonzero Q.

(e) Suppose x,y € ® are both unique and that i, = i,. Then Sl-l;@ng = S;,.0: 9>
and Syy = Si,. 49 9y/ Q-

(f) Suppose x € ® is unique and 0 € T (p;,) has multiplicity one. Write z, for
the unique index in ®;, withT; .. . = 1. Then foranyy € ® withT,, = 1,
Sxy = Siz;i‘zzQzI,y/Qa: = (Q_l)y,imzz QxSiz§Zz§3'

(g) Foreachr € T (p), let

ny(r) = Z multy(,,) ()
even 1€
and
n_(r) = Z multr(,,)(r).
odd i€T
Then ny(r) + n_(r) = multy,(r) and ny(r) — n_(r) is the number of v =
x¥ € ® witht, = r. In particular, n.. (1) > n_(r).

Proof. Because both T" and @,7; are diagonal, the (iz, z)-entries of QT = (&,1;)(Q
and TQ™ ' = Q'(®,T;) give (@). To see (b), suppose S, # 0. Since S, =
Zi,a,b(Qil)LiaSZﬁ abQiv,y» this means there is some indices i € Z and a, b € ®; such
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that both (Q™ ') i, Qiby # 0. From (a), this gives (b). Part () now follows from
() and S,y # 0: T (psp) C p~"*Z/Z and any r € T (p) will have a unique (mod 1)
expression as a sum y_ m,,/p*?. Part (d) is immediate from (a). Parts (¢) and (f)
now follow from Sy, = S;y = (Q7 (8:5:) @)y

To see part (g), restrict charge-conjugation S? = Q™' (9,57) Q to the z €
with ¢, = r. The trace of that permutation submatrix will equal the number of
self-dual x with ¢, = r; since S’i2 = +] depending on whether p; is even or odd,
that trace will also equal ny (1) — n_(r). O

5. DIMENSIONS

In [MW14], the combinatorial data A : Ky(Z(C)) — K(C) of the restriction
functor Z(C) — C was obtained, when C is both the principal even and dual even
fusion categories of the extended Haagerup. These are respectively

11111100000000O0D0O0O00UO0TO00O0
0112101111111 10000°1T1T1:1
4 _|0211132222222211111111
EHL=1 0 41 2 4 23 3334444333311171
051423333355 5544441111
031122111133332222111:1
11121000000000O00000UO0TO00O0
0111111111111 10000°1T1T1:1
0212122222222211111111
4. _|0411433333444433331111
EAZ= 1 0 4132222 2244443333111 71
0413222222 444433331111
0101011111111 111110000
0101011111111 111110000

The matrices corresponding to the induction functors are the transposes. The 22
columns correspond to the 22 simple objects ® in the centre Z(C). The columns
have been ordered so that the first column corresponds to the tensor unit. For
reasons which will be clear shortly, we will name these 22 simple objects, in
order, wy, Wi, ws, A1, A, 3, B1,y -+« oy Bay Y1y - -5 V4,014 - - -, 04, €1, - - ., €4. Here wy is
the tensor identity.

Each restriction matrix tells us two things. First, the image of the tensor identity
in C (namely the first row in A¢) will be an eigenvector of both S and 7T, with
eigenvalue 1 and 77, respectively [EG11, Theorem 1]. As in any centre, we can
take 777 = 1 here; this tells us for instance that

(8) Twiwi =1= Tajaj

forall0 <i <2and 1 < j < 3. Second and far more important, we obtain the
dimensions dim z for the simple = in Z(C): these dimensions are the components of
the Perron-Frobenius eigenvector of the matrix A% Ac, normalised so that dim 1 =
1. Its eigenvalue will be the global dimension D = /3" _; dim(z)2. Of course,

dim(z)
Stz = Sp1 = -D -
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Numerically, these dimensions are approximately 1, 177.701, 49.396, 114.049
(7 times), 176.701 (4 times), 128.304 (4 times), and 48.396 (4 times), respectively,
and the global dimension D is approximately 570.246. When they are computed
exactly, they are all found to lie in the degree-3 extension Qg;,,, of Q in Q[;3].
More precisely, Qg has a basis 1,{ = 2cos(27/13) 4+ 2 cos(107/13) and (' =
2 cos(4m/13) + 2 cos(67/13) over Q; then

7 —5( 12 + 5¢ + 5¢’ 7—5C
9 Su= Sty = ————, Stws =~
( ) 11 65 9 1, 1 65 1, 2 65
1
Sl,ai = Sl,ﬁj = 57
1+ ¢+2 1420+ ¢ ¢+
Sty = 13 518 = 13 S 13

6. GALOIS ACTION AND THE CONDUCTOR

Theorem 6.1. Any modular data compatible with the restriction matrices given in
the last section has

(1) conductor N =5 x 13,
(2) first 3 rows and columns of S' determined by

7
Swi,ac - S;L’,wi - 0-1631,1”

where 0;(&e5) = &, and
(3) (i) the objects {w;} forming a single Galois orbit,
(ii) the objects {a,...,as,B1,..., B4} forming a union of Galois orbits,
and
(iii) the objects {1, ...,74,01,...,04,€1,...,€4} either forming a single Ga-
lois orbit of size 12, or forming two Galois orbits of size 6, each of which
containing two each of the v;, 6;, and €;.

Proof. Define 5, € Gal(Q[¢13]/Q) by 7;(&13) = & ;. We see that Gal(Qg;n/Q) =
{G1,03,09}.

Then D = 295+ 125¢ +175¢’, which has norm Da3(D)52(D) = 21125 = 53132
By Cauchy’s theorem for modular tensor categories (Fact[2.3), the order N of T
will be 5213° for some a,b > 1. By Corollary b=1.

Whatever the value of the conductor, we have a surjective map = : Z} —
{71, 03,09}, corresponding to the restriction of o € Gal(Q[{n]/Q) to Qgjm, which
we'll write 7o; = 63",

From (4) and S, > 0, we obtain the sign ¢;(z) = sign(0,S; ;) for any | € Zj
and any x € ®. Since 5’3(5171) = SLwl and 5’%(5171) = SLWQ’ 5’3(5‘1@1) = 817041’

73(S1,4,) = —S1,6,, 03(S1.6,) = S1,¢,, We obtain
gl(wi) = ei(aw) = e1(B)) = €5,(0;) = +1, €5,(7;) = €55(€5) = =1, Vi, I, 5.
Moreover, Zy sends {a, ..., as, 81, ..., B4} to itself, and

(2

wt = Witr(1) Vi, l.

Whenn(l) = 1,0;sends {71, ..., v} = {d1,..., 04} = {er,...,ea} = {71, .., 1}
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Using this Galois action, we obtain S,,, , = 6495, for i = 1, 2. Thus we know
the first 3 rows and columns of S (as well as the first 6 diagonal elements of 7', of
course).

Because we know N = 5713, there will exist a unique order-3 element [ in Z},
with 7(l) = 1, namely [ = 3 (mod 13) and | = 1 (mod 5%). We will also use 73
to denote this element of Gal(Q[{y]/Q). As the elements of the sets {71,...,7},

{61,...,04}, and {ey, ..., €4} are at this point indistinguishable, we may choose
5’3(’}@) = (Si, 5’3((51) = €4, and 5'3(61') = Yi-
Thus we see that the objects {1, ..., 74,01, ...,04,€1,...,€4} form between one

and four Galois orbits, with these orbits having size a multiple of 3. But (5) implies
that the length of this Galois orbit must be even if T, ,, has order a multiple of 5,
and the length must be a multiple of 6 if the order is a multiple of 13. This gives us
(ii).

Suppose now that 52 divides N. Then there is a simple object = with T}, a root
of unity with order NN, divisible by 25. By Lemma 3.1} the Galois orbit containing =
has size a multiple of 10. From the above, this is impossible. Thus we have proved
that NV =5 x 13.

Finally we see that 73 is 015 € Gal(Q[&g5]/Q). O

7. THE GROUP OF 12

The character table of SL(2,7Z13) (computed from GAP) is given in Figure 1.
The number A = (1 — v/13)/2, so labelled because it is a Galois associate of
A = (14 1/13)/2. Class 2a is the central element, s and ¢ correspond to class 4a
and 13a respectively, while 12a generates the Galois group Z.

Proposition 7.1. Let p be the SL(2, Z)-representation p coming from the modular

data of the centre of the extended Haagerup. Then p = pgf)

representation whose kernel contains I'(5).

® p(s), where p(s) is some

Proof. We learned in Theorem |6.1| that the full Galois group leaves invariant the
sets {w; }, {a; } U {B:}, and {7} U {0;} U {€;} of simples. We also know that the
order of T"'is N =5 x 13.

Consider @43, the set of those simples © whose 7)., has order a multiple of 13.
Because of Equation , the set ;3 is a union of Galois orbits. By Lemma each
such orbit has size divisible by % = 6. The set ;3 cannot contain an «; or w;
(because their 7" is 1), nor (; (because those either have T = 1 or form Galois orbits
of cardinality < 4). So we have ®13 C {v;} U{d;} U{€&}.

From the character table we find that the only nontrivial irreps p’ of SL(2, Z3)
for which 0 € T (p’) are pfl13), pél?’), and the irreps p§123) to p§173).

First, suppose for contradiction that p contains a subrepresentation of the form
p13 ® ps, Wwhere py3 resp. ps are irreps with conductor exactly 13 resp. 5. If p5 has
dimension at least 3, then (p;3® ps)(t) will have at least 6 x 3 = 18 diagonal entries
with order a multiple of 13, contradicting ||®13||< 12. Hence ps; has dimension
2, so by the same argument all ®;3 is accounted for by p;3 ® ps, and any other
subrepresentation of p must have conductor coprime to 13 (and hence dividing

5). But dim p5; = 2 implies 0 ¢ 7 (ps) thanks to Equation (5), and this contradicts
Lemma [4.1]c).
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la 26a 26b 20 13a 13b 14a Ta 7Tb Tc¢c 14b 14c 12a 3a 4a 6a 12b
x1 | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2| 6 A A -6 -A -A 1 -1 -1 -1 1 1
xs | 6 A A —6 —A —A 1 -1 -1 -1 1 1 . .
xa | 7T A A 7 A A -1 1 -1 1 -1
xs | 7T A A 7 A A L .o -1 1 -1 1 -1
x¢ |12 -1 -1 12 -1 -1 B D C B D C
xr |12 -1 -1 12 -1 -1 C B D C B D
xs |12 -1 -1 12 -1 -1 D C B D C B
o |12 1 1 -12 -1 -1 =B D C B —-D -C
Xo|12 1 1 -12 -1 -1 -C B D C —-B -D
xn/12 1 1 -12 -1 -1 =D C B D —-C -B L .
X1z | 13 . .13 . . -1 -1 -1 -1 -1 -1 1 1 1 1 1
xis|14 1 1 14 1 1 1 -1 -2 -1 1
xal|14 1 1 14 1 1 L . .o—-1 -1 2 -1 -1
xi5 |14 -1 -1 —14 1 1 L . . .2 -2 .
xie |14 -1 -1 —14 1 1 E —1 1 —F
xir |14 -1 -1 —14 1 1 —-E -1 1 E

2 5 6 7 8 11
A= _C13 - <13 - C13 - <13 - C13 — 613

B=-G-G
C=-G-¢
D=-G-G

E = ~(ly+ iy

FIGURE 1. The character table of SL(2,Z3).

Hence p = pi13 @ p(5), where every subrepresentation of p;3 has conductor
exactly 13, and every subrepresentation of p(5) has conductor coprime to 13 (hence
dividing 5). Moreover, we know by Lemma [4.1{c) that 0 € T (p13). We will
constrain p;3 by considering the Galois matrix G1; = p ( b ), which we know
from Proposition [2.2]is a signed permutation matrix. This permutation x — 27!
permutes @3 without fixed points, since 3 = o, acts without fixed points.
Likewise, 011 permutes wy, wy, wy without fixed points, since o3 does. Therefore oy,
leaves invariant the sets {a; } U{f;}, as well as that part of {;} U{d;} U{e; } notin
®13. Of course, p(s) (101 110,1 ) = [ since p(s) has conductor dividing 5. Together, this
means dim p(s) + x13(12a) = Tr Gy, is the trace of a signed permutation matrix

with 22 — || D3| —3 rows, i.e.

(10) dim P13 — ||®13||—X13(12a) S {3, 5, 6, 7, .. } .

Here, ‘124’ refers to the conjugacy class of () ;,%1 ); the value 4 is excluded because
the trace of a signed permutation matrix of size n X n cannot equal n — 1 (nor be

larger than n).
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Suppose next for contradiction that | ®;5]|< 12. Then ||®13]|= 6, and py3 is pim)

or pglg). In this case, dim p13 — ||P13]|—x13(12a) = 2, a forbidden value. Similarly,

if || ®13]|= 12 but p;3 is not irreducible, then p13 = p' @ p”, where p' € {05;13), Pélg)}

and p” € {p{"”, p{' p{'¥, p!¥'}. But then dim pys — || P1s]|—x15(12a) equals 2 (if

e o8, p8V ) or a(if p" € {p{'”, p{'™}), both of which are forbidden.
Thus py3 is irreducible and of dimension > 13 (since 0 € T (p13)), so pi3 is
(13) (13) o ~ (13) (13) (13)
one of pj5’,...,p17 . We can dismiss p; = py5 ', pi6 , P17 out of hand, because
these are odd, contradicting Lemma [4.1(g). Moreover, p;3 = p§123) resp. ,0%3) have
dim p13 — ||P13]|]—x13(12a) equal to 0 resp. 1, so also must be dismissed. The only

remaining possibility is p13 = ,0%3). U
We give an explicit matrix realisation of p(ﬁf) in Appendix

8. THE GROUP OF 4

So far, we have accounted for the 12 simples {~;} U {0;} U {¢;}, as well as 4
simples x with 7, = 1: namely 2 appearing in the pgf’) (recall Proposition ,
and 2 trivial SL(2, Z)-irreps associated with the two modular invariants

(11) (1111110...0)7, (111210...0)7,

coming from the induction functors. That leaves unaccounted 6 simples (amongst
{wi} U{a;} U{B:} = R). We also know p = PRIV p(s), Where p(s5) has conductor
exactly 5. Our goal in this section is to identify p(s).

In Figure 2 we give the character table of SL(2,Zs) (computed in GAP). Class

Ha contains ¢, class 4a contains both s and ((2) 291 ) while class 2a contains —1.

The number A = —2 cos(47/5) is the unique nontrivial Galois associate of A =
—2cos(27m/5).
la 10a 100 2a 5Ha 5b 3a 6a 4a
x1| 1 1 1 1 1 1 1 1 1
2| 2 A A -2 —A —A -1 1
sl 2 A A -2 —A —-A -1 1
xal 3 A A 3 A A -1
xs| 3 A A 3 A A -1
Yol 4 -1 -1 4 -1 -1 1 1
x7| 4 1 1 -4 -1 -1 1 -1
vl 5 . . 5 1 -1 1
Yol 6 -1 -1 =6 1 1
A=—G-G

FIGURE 2. The character table of SL(2, Zs).

Proposition 8.1. Let p(s) be as in Proposition Then ps) = pg’) clolal.
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Proof. We can write pisy = ps @ p1, where every subrepresentation of p5 has
conductor exactly 5, and p; consists of exactly (8 — dim ps5) copies of the trivial
representation 1. The only 7, we need to constrain are the four 3;, because the
other entries in R all have T, = 1. Recall from Theorem[6.1]that N = 5 x 13. Let
&5 consist of those = € {1, ..., 4} witht, # 0. Then t, € %Z forall z € @5, and
any x ¢ (I)5 U (1)13 has tx =0.

Suppose for contradiction that || P5|| < 4. Then p5 = pf)) or pé5), since by Lemma
c) 0 € T(ps). Suppose p5 = pf) (the argument handling its Galois associate
p?) is identical). The irrep pff) is generated by matrices

| c—c V2 — V27 V2 — 2
S = - V2 =2 2e+3d —3c—2¢ |, TV = diag(1, &, &),
V2e —V2d  —3c—2¢ 2¢ + 3¢

where ¢ = 2 cos(27/5), ¢ = 2 cos(47/5). These have Galois matrix (recall (6))

GY) = SToSTST = (98 1)
Write x, 2’ for the unique simples with T,, = &, Ty = 5;‘;. Then by Lemma
e),(f) and S, = S1» > 0, we would obtain Q, = Q, and es(z) = (G)pw =
—Q./Q, = —1, contradicting that we know ¢,(/3;) = +1 for all Galois automor-
phisms 0.

Therefore, ||®5||= 4, so there are exactly 6 simples = € ® with T, = 1, namely
{w;} U {a;}. From (5)), the Galois automorphism o_;5 fixes each z € ®;3, and
permutes &5 without fixed points. From Theorem [6.1(3)(i) and the values 5, ,, €
Ql&3], we know o, fixes each w;. The modular invariant (111210 0'®)" must by
definition be an eigenvector of all p(+y), and hence p ( _é 2 _12,1 ), with eigenvalue
1, which implies o1, fixes each «;. We already knew all € _5(z) = +1. Therefore,
exactly as in the derivation of (10), we obtain TrG_j5 = 22 — 4 = x3(la) +

x5(4a) + x1(la), ie.
(12) dim p5 — x5(4a) = 4.

Consider now that ps is not irreducible; then p5 = p’ @ p” where p’ € {PE{S), P?)}

and p" € {p\, p\7, p{?, pP} and dim ps — x5(4a) = 6 or 8, contradicting (12).
Thus ps; must be irreducible, with 0 € T (ps), of dimension > 5, and even. The
only possibility is p5 = pé5). U

A matrix realisation of pg)) is given in Appendix

9. END GAME

We have obtained in Propositions [7.1| and [8.1] that the modular data p of the

centre of the extended Haagerup satisfies p = pgf’) & pé5) ® 1616 1. Explicit

matrix realisations of pgf’) and of péS) are in Appendix B| Define S’ to be the
corresponding block diagonal matrix and 7" to be the corresponding diagonal
matrix. The statement that p = pgf) & péS) @ 1@ 14 1 is that there is an invertible
22-by-22 matrix @) so that QS = S'Q and QT = T'Q.
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We have established that the simples {;} have T-eigenvalues the four primitive
5-th roots of unity; as there is nothing to distinguish the [3; amongst themselves we
may assume the eigenvalues appear in any convenient order. Similarly, we know
that the simples {v;} U {d;} U {¢;} have T-eigenvalues which are all the primitive
13-th roots of unity. The T-eigenvalues for v; determine the 7-eigenvalues for ¢;
and ¢; since

Ths, = Tyoqmo = (T35

YiVi
and

— _ (16t
Teiei - T,yfffﬁ,yf’%ﬁ - (T’Yz‘%)'
However it remains to decide which four of the 13-th primitive roots appear as the
T'-eigenvalues for the ;. We look at top left entry of the equation ST'S = CT*S*T™.

The right hand side is simply D!, while the left hand side becomes >~ di%(f & Ths.
We find that this is only true if the

1 9 6 4 7
5.7 108(Tin) = (1—3, IEL 1_3’E>

(up to the permutation, which is fixed as shown). This we may take

(13)

1 12349 6 4 7 3 21011 1 5 12 8
_1 Tx:c - 070707070a07_7_7_7_7_7_7_7_7_7_7_a_7_7_7_7_
o 108(Tra) ( 5'5°5°513°13°13°13° 137 13° 13' 13 13° 137 13’ 13

We know the 16 simples {3;} U {7} U {d;} U {¢;} are all unique, in the sense of
Section [4 and so most entries of () are determined from Lemma [4.1] The equation
QT = T'Q tells us that () is the product of a permutation and a block diagonal
matrix with all blocks 1-by-1 except for one, corresponding to 1-eigenvalues of 7',
which is 6-by-6. Much of that 6-by-6 block is irrelevant.

We also have learned much about 5, some of which is collected in hypotheses (a)-
(g) in the following Theorem (e.g. we know S? = I, since all simples are self-dual,
so (f) is its (x, z)-entry for = € {~;, 0;, €;}).

Theorem 9.1. Suppose

(a) S’ and T' are the explicit matrices for pgf’) ® pgf)

Appendix[B,
(b) T is the 22-by-22 diagonal matrix with entries given by Equation (13),
(c) S is a 22-by-22 matrix whose first three rows and columns are given by Equation

(9) and Theorem|[6.1/2),

(d) we have the modular invariants appearing in Equation (11,
(e) S is symmetric,

(f) Zy Szysxy — 1f0r$ -~ {/717 61'7 61»}, and
(g) Q is invertible and QS = S'Q and QT = T'Q.

Then S is given by

©1® 1@ 1 appearing in
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5 15 15 15 15 15 1/5
U 5 15 15 15 15 15 15 V
/5 15 1/5 15 15 15 1/5
/5 1/5 1/5| 45 -1/5 -1/5 -1/5 -1/5 -1/5 -1/5
15 1/5 1/5|-1/5 4/5 -1/5 -1/5 -1/5 -1/5 -1/5
15 1/5 1/5|-1/5 -1/5 4/5 -1/5 -1/5 -1/5 -1/5
S=1\| 15 15 1/5|-1/5 -1/5 -1/5 0
/5 15 15| -1/5 -1/5 -1/5 W
/5 15 15| -1/5 -1/5 -1/5
/5 15 1/5|-1/5 -1/5 -1/5

Vi 0

oW >

B C
-C A
A -B

with U, V,W, A, B, and C' given below.

Proof. This calculation appearsin code/EndGame . nb, bundled with the arXiv
sources of this article. We write S = (Suy)zyce, and Q = (Qiz)1<i<22.2c0. The
following simple steps completely identify S.

(1) Solve the linear equations in the {.5;, } coming from the modular invariants
and symmetry.

(2) Solve the linear equations in the {Q;, } coming from QT = T"(Q) (this just
shows that () is the product of a permutation and a block diagonal matrix,
as mentioned above).

(3) Look at entries of QS — S’@) which do not involve any of the remaining
unknown S,,; these are linear equations in the {Q);, }, which we can solve.

(4) Observe that det () has a factor of (); ,, so this must not be zero. Find all
the equations coming from Q.S — S’Q of the form (), ,, X = 0, where X is
a linear combination of the {S,,}, and set X = 0 for each.

(5) Now, the equations ) S, Sy, = 1fora € {7, d;, ¢;} simplify to 657, = 0
for these same x, so all these entries of the S-matrix must be zero.

(6) Observe that det () has a factor of )15, so this must not be zero. Find all
the equations coming from Q)5S — S’Q) of the form ()15 ,X = 0, where X
is a linear combination of the {S,,}, and set X = 0 for each.

(7) Finally, treat the equations QS — S’() as quadratics in {S,,} and {Q;;}
jointly, and solve them; there are only 5 solutions, of which 4 make det () =
0. The remaining solution is the one described in the statement of the

Theorem. O

In fact, the same argument works if we disregard the modular invariant

(1111110 ... 0),

although then at the final step the quadratics have 64 solutions, of which only
one allows det ) # 0. We make this observation because there is a candidate
third fusion category EH3 in the Morita equivalence class of the even parts of
extended Haagerup. One can determine the fusion rules of this category, if it
exists. The argument of [MW14] determines the dimensions of the irreducibles in
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Z(EH3) (exactly the same as the dimensions here), and that Z(E H3) would have
the modular invariant (111210 ... 0), but not necessarily (1111110 ... 0).
Thus the fact that the argument here does not rely on this second modular invariant
shows that the centre of any fusion category with the fusion rules of £'H3 would
have the same .S and 7" matrices as the centre of extended Haagerup. Of course,
the S and T matrices are not known to be complete invariants of the centre. If they
were, however, this discussion would allow one to establish the existence of a third
category, Morita equivalent to £ H1 and E H?2, merely by constructing any fusion
category with the appropriate fusion ring.
In the above theorem describing S we have, with ¢, = cos(27k/65),

Uy Uz U3
U= U2 U3 Uy s
Uz U U2

the u; are the roots of 211253 — 8450\% + 585\ — 1,

1
Uy = % (7 — 10020 — 10030)

~ 0.00175363
1
=65 (7 4 10cg + 10c15 — 10co; + 10c5 — 10c3;)

~ 0.311623

U2

1
us = % (12 — 1068 — 10018 + 10620 + 10621 — 10625 + 10630 + 10031)

~ (.0866238,

V1 v1 V1 U1 —V2 —UVUy —VU2 —UVUy —VU3 —UVU3 —U3 —U3
V=1 v v vo vo —v3 —v3 —v3 —wv3 —vy —v; —v; —v |,
V3 U3 V3 V3 —Up —U1 —V1 —Uip —Vy —VU2 —VU2 —Ug

the v; are the roots of 169\3 — 13\ — 1,

U= (cg + c18 + a0 — Ca1 + Ca5 + €30 — €31)
~ (.30969
1
Vg = E (1 — 408 — 4618 -+ 2C20 -+ 4621 — 4025 + 2030 + 4631)
~ —(.224999
1
V3 = E (—1 + 208 + 2018 - 4020 — 2621 + 2025 - 4030 — 2C31)
~ —(.0848702,

3—vh —2-2v5 —2+42V5 3+45
wo L[2-2v5 3+v5  3-V5 2425
10 —2+2v5 3—-v5  3+V5 —2-2V5
3+v5h —24+2v5 —2—-25 3—-45
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and A, B, and C are band matrices, 50 A;; = @1 (mod 4), etc., and {ay, as, by, b3, dy, d3}
are the roots of 28561\ — 28561\% 4+ 8788\* — 507\3 — 169\2 4 26\ — 1, while
{ay, ay, by, by, dy, dy} are the roots of 2856 1\5 —6591\* — 5073 + 338\% + 39\ — 1:

1
13 (
~ (0.07470114748

a; = 208 — 2C10 + 2618 — 2020 — 2021 -+ 4625 — 4630 — 2031 -+ 1)

Ao = 13 ( 268 + 2C10 — 2018 + 6C20 + 2621 — 2625 + 2631 + )

=~ (.2714005479

1
as = 13 (208 + 2c19 + 2¢18 — 2¢99 — 2¢91 — 2¢31 + 2)

~ (0.3520512456

ay = 13 ( 2610 — 2020 + 4030)

~ —(.1865303711

bl 2010 — 2620 — 2625 — 2)

13 (
~ —0.1595713243

1
bQ 13 (408 + 4618 + 2020 - 4021 - 2625 — 4031)

~ (.3315913069
1

b3 13 ( 2010 — 2020 + 2025 — 4030 — 3)

~ —0.4369214224

1
13 ( 268 — 2618 + 2621 + 4025 -+ 2030 -+ 2031)

~ —0.02172236355

by =

1
d1 13 (208 + 2610 + 2018 — 2021 + 2630 — 2031 — 2)

~ (.1502976190

1
dy = ' (—6cg + 619 — 618 + 4oy + 691 — 4eos + 4egg + 6e3p + 2)

~ 0.2171593392

d3 13 (268 — 2010 + 2618 — 2021 + 4625 — 2630 — 2031 — 3)
~ —0.12705247914
1
d4 13 (268 — 6(310 + 2618 — 2C20 — 2(321 — 2630 — 2631 — 1)

~ —(.4421581056.
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Finally, the matrix () is not uniquely determined; a nice choice is

10-1 0 0 0 0 0O 0O OO 0OOOOOOO OO O O
ooo0o o 0 o 0O 0OO O O 0000O0OO0OO0OD-10 00
ooo o0 0o o 0o OO O O 0000-100 0 0 00
o000 0 0 0O O O OO O OOO1LOOO OO0 00
000 0 0 0O OO O OO O01000OOOB O 0 00
ooo0 o0 0 0 0 0OOO 0O 000OO0OO0OO0OTO0O-100
ooo0o o0 o0 o0 o0 0 0O O 0 -1000000 0 0 0O
o000 0 0 0 OO O OO O0O1OOOO O 0 00
ooo0o o0 0 0 0o 0O OO 0O O00O0OCOOOO O O 0 -1
ooo0o o 0 0o 0O OO 0O-100000O0OO0OBTO0ODUOTUO0OTUWO
Q_ 000 0 0 0O OO O O O O00O0OCOOI1O0O 0 0 00O
- ooo0o o0 o0 0 0 0O O O O O0O0OOCOOO-10 0 0O
ooo0o o0 0 0o 00O O O 000C0OO0ODOODO0ODTO0OUO0O-10
01-10 0 0 0O OO O O O0O0O0COOOO O 0 0O
1171 -1-1-10 0 0 0 0 00O0O0OO0OOO O O O O
ooo0o o0 0 06 -10 O O O 0O0OOCOOOO O 0 0 O
ooo o0 o0 0 0O-10 O O O0O0OOCOOOO O O 0 O
ooo o0 0 0 0O 0O-10 0 0000O0OO0OO0ODTO0OO0 00O
ooo o0 0 o 0 OO -10 0000O0OO0OO0ODTOOTOTUO
ooo0o 0 1-10 0 O O O O0O0OOCOOOO O 0 0 O
o000 1. 0-10 0 O O O O0O0O0OCOOOO O O 0 O
111 .0 0 3 0 0 0 0 0O 0OOOOOOO O O O O

As a consistency check, we offer:

Lemma 9.2. The Verlinde formula gives non-negative integer fusion multiplicities,
which are consistent with the restriction functor Z(EH) — EH.

10. CHARACTER VECTORS

A natural question is whether there is a vertex operator algebra (see e.g. [LL04])
corresponding to the centre of the even part of the extended Haagerup. This is
at present too difficult to answer. However, in this section we obtain all possible
character vectors with central charge ¢ < 24 compatible with the modular data
computed in this paper. This should be information crucial for constructing the
hypothetical vertex operator algebra, or showing it cannot exist. Because the
procedure for doing this is difficult to extract from the literature, we will include
here a more pedagogical treatment.

10.1. The general theory. By definition, a vertex operator algebra and its modules
carry actions of the Virasoro algebra, so the vertex operator algebra characters are
expressible as combinations of Virasoro ones. The Virasoro characters relevant to
our discussion are given next. When ¢ > 1 and h > 0, there is a Virasoro irrep
V (¢, h) with character

ChV(c,h) _ thc/24 H(l - qn>71 _ Zp(m)qm+hfc/24 )
n=1 m=0

When ¢ > 1 and h = 0, the Virasoro irrep V' (c, h) has character

chyeoy(7) = ¢ (1 = )1 = ¢") ™" = (p(m) — p(m — 1))g"™ />,

where p(m) is the mth partition number, and where g = >,

Definition 10.1. Suppose p is a d-dimensional representation of SL(2,7) with T =
p (1) a diagonal matrix. By a character vector X(7) for p, we mean:

(i) X : H — C% is holomorphic throughout the upper half-plane H = {1 €
C|Im7 > 0};
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(ii) there is a diagonal rational matrix \ such that
o0
(14) 6—27T’i7>\X(7_> — Z Xn627rin7
n=0

converges absolutely in H, and )", X,,q" is holomorphic at ¢ = 0;
(iii) forall (¢%) € SL(2,Z) and all T € H,

(15) X(Z:Z) =p(24) X(r);

(iv) each coefficient X,, takes values in 7%y, A1 < \;; forall j # 1, and (Xg); = 1.
Moreover, each component X ;)(7) is nonzero and can be written Xj)(7) =
Yoo XJ,.i chy(—2any 0, —i+n) (T) Where each X, € Zq.

It is common to write ¢* for €™, Note that ¢*™ = T. A function X(7)
satisfying (i)-(iii) is called a weakly holomorphic vector-valued modular function for
p (‘weakly holomorphic’ means holomorphic in H and meromorphic at all cusps
Q U {ico}). A consequence of the fact that the coefficients X,, are rational, is
that T has finite order (hence that ) is rational). The condition X/, € Z<¢, implies
X,, € Z%,, but in practice isn’t usually much stronger. We impose the condition
A11 < );; here because we seek a unitary vertex operator algebra; if p is modular
data with o # 1 (recall Definition 2.1) then this condition would become \,, < A;;.

Most representations p will possess no character vectors; for example it is ele-
mentary to verify that it requires the first column of S to be strictly positive, and
an old conjecture of Atkin—-Swinnerton-Dyer [[ASD71]] implies that the existence
of a character vector is only possible when ker p contains some I'( V).

The modules of a (unitary) strongly-rational vertex operator algebra V form
a (unitary) modular tensor category [Hua05]], where ‘strongly-rational’ means
regular, simple, equivalent as a V-module to its contragredient VY, V, = C1
and V,, = 0 for n < 0. The modules are infinite-dimensional, but the opera-
tor Ly in V acts semi-simply on the modules, and the eigenspaces are all finite-
dimensional. For each irreducible module M of V), define the character x /(1) =
q Mty gl = ghm—e/ Yoveodim My, +n ¢", where M = [[ 2, Mp,,+n and
M, is the Lg-eigenspace with eigenvalue h'. The numbers c, h); are called the
central charge of V and the conformal weight of M. Then Zhu [Zhu96] proved that
these x s together form a weakly holomorphic vector-valued modular function for
some representation p of SL(2, Z); this representation is given by the modular data
of the modular tensor category [DLN12]] (up to a third root of unity to be discussed
shortly). One irreducible V-module will be V itself, which we make the first mod-
ule. The characters of the irreducible modules of a unitary strongly-rational vertex
operator algebra, will form a character vector (hence the name).

The modular data of a modular tensor category determines 7" up to a third root
of unity. This ambiguity means that the central charge is only determined up to
a multiple of 8. In particular, if some vertex operator algebra realises a modular
tensor category, so will infinitely many others; once we’ve found a character vector,
we’ve found infinitely many others. For example, tensor arbitrary many copies of
the Ej lattice vertex operator algebra to V; this doesn’t change the category, but
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each copy increases the central charge by 8 and multiplies the character vector by
J ()13,

Thus the first step to trying to recover a strongly-rational VOA YV = [>°  V,
from a modular tensor category is to select a possible ¢, and then determine the
possible character vectors x /(7). The second step would be to identify the space V).
It will be a reductive Lie algebra, and all homogeneous spaces M, of all V-modules
M will be V;-modules. The key formula for this purpose is Proposition 4.3.5 of
[Zhu96|], which says that for all u, v € V; and all V-modules M,

(160)0
U, v
S ity a1, 0) 2 = tnlago(ul 1) 072 + 2 ) 7).

n=0

Here and elsewhere, E, (7) denotes the weight n Eisenstein series for SL(2,7Z),
normalised to have leading term 1. Also, ks, (u, v) = tr|a, o(u)u(v) is the Killing
form of the V;-module M},; in particular, xy, is the Killing form of V; itself. Closely
related to the Killing form is the bilinear form (u, v), which is always nondegenerate
and invariant. The first term on the right side is a vector-valued modular form
of weight 2, for the same multiplier p. By itself, V; generates a vertex operator
subalgebra of V), of affine algebra type. The coset or commutant of V by this
subalgebra should itself be a strongly-rational vertex operator algebra with small
central charge and trivial Lie algebra part and explicitly known character vector.
Constructing V then largely comes down to identifying that coset vertex operator
algebra.

For both steps 1 and 2, constructing vector-valued modular forms is crucial.
In this paper we will restrict our attention to determining the possible character
vectors, although the same method determines the possible weight-2 forms. The
following treatment is developed in [BG07,/Gan14].

Fix an SL(2, Z)-representation p with T diagonal and of finite order. Let M'(p)
denote the space of all weakly holomorphic vector-valued modular functions for
p. Let J(1) = ¢! + 744 + 196884¢ + - - - denote the Hauptmodul for SL(2,Z). In
particular, M'(1) = C[J(7)]. Note that M'(p) is a module for the ring C[.J(7)].
Note that if p’ = QpQ ", then X(7) € M'(p) iff QX(7) € M'(p').

A simple observation: if p is an odd SL(2, Z)-irrep, then M'(p) = 0. This is
because applied to (24) = (' °;) gives X(7) = —X(7). For this reason, in
the following we’ll restrict (without loss of generality) to even representations p
by first projecting away any odd summands. Conveniently, the modular data we
obtain from the extended Haagerup subfactor is already even.

The first fact is that M'(p) is a free module of rank d over C[J(7)]. Given
d generators, it is convenient to collect them together as columns of a d-by-d
matrix we’ll call Z(7); then there is a bijection between X(7) € M'(p) and vectors
Y(7) € C¥J(7)] given by X = ZY. We can choose the generators (hence =) in
such a way that there is a diagonal matrix A such that

(17) =(r) = ¢" (I +) Enq”> :

Identifying any such = is equivalent to identifying the full space M'(p).
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A word of warning: the convention of differs from that of [BG07, EG11]]
which used = = ¢*(I¢g~! + x + ...), but is the same as in [Gan14]. This notation
change cleans up the formulas a little. It is not completely trivial that generators
can be chosen so that holds, but indeed it is true for all C[.J]-submodules
M of M'(p) of full rank. Once one has d vector-valued modular forms X ()
in M forming a matrix = of shape for some A, it is then elementary to find
algorithmically d free generators for M with shape (for a larger A) as desired.
The (nonconstructive) existence of such X()(7) is an immediate consequence of
Theorem 3.1 of [[Gan14].

The second fact is that =(7) is the solution to a first-order Fuchsian differential
equation. The reason is that il(OT()T c)zf-l is a differential operator on M'(p), and so
applied to each of the free generators (i.e. columns of =) gives a vector-valued
modular form which lies in the C[J(7)]-span of the generators. That differential
equation implies the recursion

[y

(18) A En]+nEn =) Ei(fasiA+ gua(Er1 + [A E4]))
=
for n > 2, where we write (J(7) — 984)A(7)/E1o(1) = > o [nq" = 1+ 0¢ +
338328¢%+- - -and A(7)/ E1o(7) = Y07 9nq" = q+240¢% +199044¢° + - - -. Here,
A = n** where 7 is the Dedekind eta. We require =y = I. Note that the ij-entry on
the left-side of is (Ai; — Ajj +n) Z,45, so (18) allows us to recursively identify
all entries of =,,, at least when all |A;; — A;;|# n. Indeed, it can be shown that
Aj; — Aj; can never lie in Z>.
This recursion means that M'(p) is completely identified, i.e. =(7) is determined,
once the matrices A and =, are given. The matrices =; and A are heavily constrained.
In particular, A is diagonal, satisfying e2™* = T as well as

7d 1 2 —7i
(19) TrA= -S4 2Tr S+ —2_Re (eTTr ST*) .
12 4 33
When p is irreducible and d < 6, then any diagonal matrix satisfying both e?™A = T'
and will work, but in general these conditions won’t always suffice.
Any Z(7) € M'(p) whose components are linearly independent over C gives

us all of M'(p) via [Gan14, Proposition 3.2]:
M!(IO) = C[‘]<7—)7 Vi, Vs, V3],

[en]

where
_ E,E d
EX( d FE)\ d
VT A (qd_q - F) g

The building blocks of all of these differential operators is the operator qd% N
which sends weight £ modular forms to weight k£ + 2 ones.
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We may take A, a5, = A, @A, and (Z,,0p,)1 = (Ep,)1 D (E,,)1. Moreover,
A and = for the weakly-holomorphic vector-valued modular forms at weight 2 for
the contragredient representation p, is —I — A and E4(7)?Es(7)A(7) " H(E(7)") L.
(Definition 10.1 can be extended to forms of arbitrary even weight in the obvious
way; Proposition 4.1 of [Gan14] tells how to convert =(7)’s for different weights
but the same p.)

We can find =,, g, (7) from =,, (7) and =,, (7) using the fact that

M!(Pl ® pg) = C[J(7), V1, Vg, Vs](/\/l!(pl) & M!(Pz))-

Suppose M'(p;) is free of rank d; over C[.J(7)], and M'(ps) is free of rank dy over
C[J()]. Starting with the matrix = = =, (7) ® Z,,(7) € Ma,a,xa,4,(C((q))), we
form the dyds X 4d;ds matrix (£ v, V.2 v, ) and then find a C[J(7)] basis for
the columns. Replacing = with these new basis vectors as columns, we repeat until
= stabilises. This does not quite provide our Epi0p (T), as we still need to perform
a change of basis so that Equation holds.

In the case of any irrep p with kernel containing I'(/V) for some N = Hp P,
we write p = @;p; and p; = ®,p;., as before. It then suffices to know the A and
X for each irrep p;.,, appearing in that decomposition. Each such p;,, is an irrep
in some Weil representation associated to lattices, and so some X(7) € M'(p;.,)
with linearly independent components can be built up from lattice theta functions.
For ‘small’ powers p”, A, =; have been computed for every irrep p of SL(2, Z, ),
by Timothy Graves in his PhD thesis. This means that the full space M'(p) can
be determined fairly quickly from his tables for any representation of SL(2, Zy ),
provided the prime powers dividing /V are not too large (< 32).

A minor technicality: it is possible for the tensor product ®,p;., to be even, even
though some (necessarily an even number of) p;., may be odd. One way to handle

this is to replace any such odd factor p;,, with the even irrep pg) ® pip, as an

even number of pgz)’s tensor to 1. For the modular data associated to the extended
Haagerup subfactor, all components p;.,, which arise are even.

These calculations can be a little delicate. We suggest two strong consistency
checks. First,

(20) A, (Ag—%[) 0.
(21) A (As— 1) (4= 21) =0
3 3 3 3 3 - )
where
31 1 _ ! 1 -
(22) A2:—5A— 1728(H1+[A,_1]), A3——5A+ 1728(“1+[A’“1])'

Given A and =y, construct Z(7) through (18); then the columns of =(7) will freely
generate the C[.J]-module M'(p) for some SL(2, Z)-representation p, iff the corre-
sponding Ay, Aj satisfy (20),(21). Incidentally, e>™42 is similar to S and ™ is
similar to p ( -1 (1)) = T'S. This representation p is, as always, uniquely determined
by its values on ({ 1) (whichis 7' = e*™**) and (9 ') (which is S). The S-matrix
can be estimated numerically by using the recursion to compute the first few
terms of the series expansion of =(7); then Z(7) is invertible anywhere in H except
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at the countably many elliptic fixed points SL(2, Z).i USL(2, Z).§3, so as long as we
avoid those elliptic points we can estimate S = =(—1/7) Z(7)~'. We have applied
both tests to all A, =; given below.

Since the central charge c is determined only up to mod 8 by the modular
tensor category, there always are three SL(2, Z)-representations which have to
be considered, namely p, pég) ® p, and p§3) ® p, where pgs), p§3) are described in
Section There is no straightforward relation between the matrices =(7) for
these three representations. However, Proposition 4.1(2) of [Gan14]] gives a short-
cut. Suppose we know Z(7) for p; then the columns for Z(7) for ,053) ® p will be
linear combinations over C of the columns of E4(7)n(7)8Z(7) = ¢*(I4+---) and
of

n(r)™® (E4(T)E(7‘)A (A — %Id> — (qdiq — é@(ﬂ) qdiqz(r)) =gt (172&43 (

Now rank(As(As — 514)) equals the multiplicity of £3 as an eigenvalue of T'S, and
this is the number of vectors that should be chosen from the latter. This method
applied to p§3) ® p gives =(7) for pé?’) ® p.

Obtaining the possible character vectors is now easy combinatorics. Suppose
X(7) is a character vector, and write X(7) = Z(7) Y(J(7)) for some vector-valued
polynomial Y(J) € C%[.J]. Write d; for the degree of the component Y, and dy,
for the maximum of all d;. Then dj; < ¢/24+ max;A,;. More precisely, if d; = d,
then d; = ¢/24+ Ay; and Yy is monic. If d; = djy and j # 1, thend; < ¢/24+A;
and the leading coefficient of Y; must be a positive integer.

Given some X(7) € M'(p), write X(7) = ¢* 7/ X,,¢" where each entry of
Xy is nonzero. To prove a candidate X(7) is indeed a character vector, we need to
prove each X,, € Z%, and that each X,, € R<,. The first statement is accomplished

by:

Lemma 10.2. Suppose f(7) = ¢* > " fuq" is a (scalar-valued) weakly holomor-
phic modular function for some subgroup I of SL(2,7), possibly with multiplier
p: I'— C*. Suppose I' has index m in SL(2,7), and contains a congruence sub-
group. Choose k € Zq so that A\ > —k /24 for all j. Suppose the Fourier coefficients
fn are integral for alln < km/24. Then f, € Z for all n.

This is Lemma 3(b) of [Gan12]], applied to n(7)* (7). A useful fact is that the
index of I'(IV) in SL(2, Z) is N3 [T - p~2). We apply the Lemma by taking
f(7) to be any component X,(7) of our vector-valued modular function X, so
A = )j and I' is the projective kernel of the multiplier p.

Positivity is more delicate, and again follows the methods of [Gan12]. The general
argument will be developed elsewhere, and here we will limit the discussion to the
following. Assume p is a unitary SL(2, Z)-representation, and that S;; > 0 for all j.
(This is true for the modular data of any unitary modular tensor category.) Assume
also that A\;; < Aj; for all j # 1 (this is true for any character vector). Then for
large n, the Rademacher expansion for X(7) implies

647M /n|A11]

(Xn)j ~ S1j(Xo)1W

1
Ag — §[d

o).
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Hence for all sufficiently large n, all coefficients X, will be positive, provided
Xo € R%,. To prove a given X is truly a character vector, we would need to make
this estimate effective. This can be quite involved, and will be treated in generality
in future work following the positivity method developed in [Gan12]]. We will not
address this further in this paper.

10.2. Specialisation to the double of the even part of EH. For the modular
data of the extended Haagerup, the central charge c will be a multiple of 8 (a positive
multiple, if we insist, as we will, that the hypothetical vertex operator algebra be
unitary). The corresponding conductor N willbe N = 5-13if24|cor N = 3-5-13
otherwise. We have the decompositions:

p= i @ ol @ Y @l @ pi! if ¢ = 0 (mod 24);

p= (08 2 pl?) 0 (0 @ o) @ o @ ¥ @ ol if ¢ = 8 (mod 24);

~ 3 13 3 5 3 3 3) . _
p = (p§)®p§4))@<p§)®p§)>@pé)@pé)@pé)lfc:16(mod24)-

Moreover,
1 — 1
Ap") = =1(p) = (0) 4

AP = (~1/3), E1(p)) = (248);
AP) = (=2/3), E1(pS)) = (496);
25  —57750 —11550 —1350 —819000
—-3/2 -39  —126 -7 468
4 9
AP = diag 02 2 2.8 L E(pP) = | =5/3 —1050 248 —9 1950
8 5 5 5 5 8
5 1650 264 282  —28600
~-1/6 -7 4 -3 12

—-52 =30 —22050 —6600 —1680
—100 0  —39200 3850 1728
-5 —4 o6 11 16
—-10 2 84 220 —108

-25 8 1200  —1100 32

O O N T _1 _3 _% _E E = =
P2 ®p8 . 1ag < 37 157 157 157 15 s —1

—29 —294 —60 —2640 3

s v 4 16 9 ~375 56 —50 3300  —1
pPop” A = diag (--, TR 1—) S = | —2025/2 —686 82 4312  —1/2
3B BB —25/2 14 2 —104 —1/2

—6125 2401 100 —411600 3

12 11 10 9 8 7 (8 5 4 3 15 14
A = ding (o, _ ) |

1_37 _E7 _1_37 _1_37 _E7 _1_37 _1_37 _E7 _1_37 _1_37 _E7 _1_37
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61/3 16731 —36374 20748 8281 1703 —2145 962 169 —117 39 —276822 45474 —29/3
—-2/3 —4 35 -12 21 =30 0 20 =7 0 =5 -33 44 4/3
1 103 42 35 —14 45 =22 3 6 15 —-10 -84 —66 -1
5 -1 168 -96 —182 27 0 —34 21 27 -8 =512 —-330 -3
13/3 203 70 -330 —18 161 78 14 -14 0 —-14 -924 —286 -8/3
-1 —805 585 =308 365 231 —-55 —30 21 11 10 462 66 1
:1(p(13)) o 5 1000 —1230 —693 168 —75 246 —60 48 54 —10 —1836 —3732 —4
= 14

—2/3 -5 —10 6 8 -2 —6 5 0 -3 2 —12 -5
-1 —-13 -9 0 14 -9 13 6 -6 -5 1 —6 —18

- —14/3 3276 721 0 637 —210 —99 200 42 0 39 9702 —3432 4/3
—4 278 522 1034 —658 324 154 114 162 —88 —2 14124 —9186 1

1 3093 4299 1260 —1729 633 468 150 —189 21 39 —1554 —5946 —1
—14/3 —11375 —8980 1617 —1078 770 0 440 —154 99 —4 25872 —5929 7/3

1/3
1

29/3 62985 —26962 15288 —3094 6175 858 —494 650 117 39 —204516 172458 —7/3

1 10 7 4 40 37 34 31 28 25
AP _ g (L 10 7T 4 40 37 34 31 28 25
(py"®p1s”) = diag | =3, —50, =35, =35 735" "39" 35" 39’ 39" 39’

~35

22

—18 15 —24 5 11960 2854 —5083 3212 685 —1190 924 —-536 62 78
—27 20 16 —2 6320 —10695 4420 5533 150 645 —880 —258 300 101

—98 50 6 4 1810 17990 —13770 3010 842 2110 —1540 —284 —175 —34
112 —16 15 —2 —56192 —21651 —15912 —649 3038 1473 616 —1082 —420 50
4 0 1 -2 0 10 0 7 -2 -5 0 -8 -4 -1
2 -5 4 -3 40 42 -17  -12 13 10 11 -4 -2 6
= ( (3)® (13)) _ -7 4 —4 —2 48 -35 68 11 22 29 0 -13 —-20 5
Z1(pg WPy ") = 14 10 2 -1 195 -90 —34 118 31 30 44 36 —15 —10
-7 0 1 2 -320 189 136 77 194 —135 —56 54 —28 18
—28 5 6 3 —1040 476 442 198 —337 40 154 4  —14 20
21 —20 —11 2 —880 761 52 638 —342 375 -8 75 —12 11
—38 —14 —6 —3 —3404 514 782 138 733 —18 176 64 80 —10

-19 40 -8 —4 -—-2720 271 —3536 —1122 —1076 —255 —88 194 56 60

56 60 —18 7 —4160 10688 1768 —1166 2675 440 693 376 274 20

AP diag (2,220 17 1 1L 8 5 2 88 3
339 39 39 39 39 39 39 39 39 39
-39 40 —128 72 35 5 —-10 4 1 -=760 749 —564 100 155
—78 80 98 —-14 14 —-20 7 6 O 532 —924 —351 546 260
—312 234 64 65 0 30 —16 3 0 2184 —2002 —480 -390 -—104
455 —92 160 —68 —98 —28 —16 0 1 1862 980 —2240 —1160 182
975 235 16 —254 21 60 10 6 —1 —6840 —2058 —2700 —750 —715

—403 —884 523 —208 169 76 —9 —4 1 6916 3796 962 156 1443
:l(p(3)®p(13)) _ | —2119 832 -896 —351 91 -28 30 —2 1 13832 728 —3108 —5174 1547

3 14 3042 2392 460 —26 182 —44 —8 10 1 15067 16380 12960 —3770 —2197
—1170 169 280 351 —182 57 20 5 2 —55328 —20475 15560 —8385 4342

—13 2 8 5 -7 3 2 1 -1 0 21 4 -9 13

13 =24 -19 6 -7 4 1 2 -1 76 —28 30 —10 13

-39 —-26 -16 —-26 —-13 2 -2 3 1 0 78 28 65 -13

-26 92 —-28 -34 -7 0 -8 —2-1 —-133 =56 160 58 91

118 179 —-88 57 —-14 25 4 -1 2 304 574  —408 389 38

In all three cases (namely, ¢ = 8k (mod 24) for k = 0, 1, 2), the full 22-by-22 matri-

ces A and Z; are obtained by A = Q71 (A(p13) ® A(ps) ® Ap1) ® Ap1) ® Ap1)) Q

and Z; = Q7' (Z1(p13) ® Z1(ps) ® E1(p1) @ Z1(p1) ® Z1(p1)) Q, for Q explic-

itly given in Section |9, and where p; = pgg) ok P = pés) * pg), and p;3 =
(3) ®k (13)
P2’ D Py

Let us explain how we found these matrices A and =;. Consider first the A,
root lattice and its dual A} (we use the standard lattice notation and terminology
explained in e.g. [[CS99]). The group A}/A, has 5 elements, and these have theta
series 0jg)(7) = 1+40q + -, Oy (1) = Oy (1) = ¢*/(5+30g + - - ) and O (1) =
O3)(7) = ¢*/°(10 4+ 25q + - - -), where 0}; = 6j5_; follows because a coset and its
negative always have identical theta series. These 3 functions form the components
of a vector-valued modular form of weight 2 for SL(2, Z), for a multiplier equivalent
to pé‘r’). The products 6 (7)0y;)(7) will form a vector-valued modular form of weight
4 for SL(2,7Z), for a multiplier equivalent to the symmetric square of pé“r’). That

symmetric square is isomorphic to 1 ® pg’). We can make them weight 0 by dividing

19

~3

32

~3g

16

~3

29

~39

1

3

2

3

_),

).
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by 7(7)%, but this tensors the multiplier by p§3). In particular, the first column of the

matrix =(7) for ,053)

®pé5) has components (9[20} —201)02)m®, —9[22]77_8, —010)0pn %,
—002m°, —0%m~°. This generates the full module M (PP @ pl), using the
differential operators V; and C[.J].

A similar method works to find A, =; for p(lzg). For this let the lattice be L =
A352(1, 1], which means ULy + ([i], %) for the orthogonal direct sum L, =
A3 ® v/527Z. Then L*/L has 13 elements, with theta functions 9o (T ) =1¢"+ -,
Y(r) = vuy(r) = 1¢°% + o (7)) = vun(r) = 5¢%% + -, g () =
¢[10}()—4q5/13+ S Yp(7 )=¢ (7 )—4616/13 ,@/)[5():1/)[8](7):
10gM/ 18 4 g (T) = o 7]( T) = 6q 7/13 + - --. These 7,0[1-] form a vector-valued
modular form of weight 2 for SL(2, Z) with multiplier pél?’), so the products ¢;;,
1 < j, form one of weight 4 whose multiplier is the symmetric square of ,0513),
namely 16 p113) & p(13) Then the third column of =( p; O pg 4 )) is the vector-valued
modular form with components 2¢)1 5 —1)2 3— 146, ?/)6,6 — 2.4, V0,1 — V26, V35— 122,
V1,1 — Va5, o3 — Y560 Y25 — Yoa, Vo6 — P13, Vo2 — Y14, hie — Us 5, Y12 — Va3,
o5 — P34, Vag — V36, and Py 5 + Pg 3 — 2904 6, where we write 1); ; := ¢[i]¢[j]n_8

At c =8, we find ¢/24 + max;A\;; = 13—3 < 1, and so we only need to consider

Y(‘]<T)) - (17 YVQa Y3, YZL, Oa 07 07 07 Oa 07 07 07 Oa le47 Y15a le67 07 Oa 07 }/207 }/*217 }/22)1-

for Y27 YE)” }/;17 )/147 }/157 )/167 }/207 )/217 }/22 e N.
Writing X(7) = Z(1) Y(J(7)) = ¢* > o Xnq", the conditions X,, € R%,
merely for n = 0, 1 give the 27 inequalities

0 < 50Y; + 50Y5 + 50Y3 — 50Y,

0 <77 —5Yy —2Y3 4+ 11Y74 + 2Y15 — 4Y16 — 35Yo0 — 20Ys; + 22Y5,

0<4Y] — Yy —3Ys + 7Y14 — 2Y15 — Y16 — 10Y5g + 4Y5 + 2Y9s

0 <21Y7 + 11Y5 — 32Y3 + 638Y14 + 2Y15 + 11Y16 — 761Y20 + 12Y21 + 342Y5»

0 < 38Y7 + 10Y, — 48Y3 — 1386Y14 4 3Y15 — 6Y16 + 514Y9g + 80Y21 + 733Ya0

0 < 27Y7 — 101Y3 + 74Y3 — 5533Y14 + 2Y15 + 16Y16 — 10695Y5 + 300Y21 + 15020

0 < 76Y71 + 20Y3 4 2Y3 + 50Yy — 1848Y14 + 3Y15 + 4Y16 — 6174Y90 — 162Y2; — 1555Y5

0 <20Y; + 78Y3 + 50Y, — 682Y14 — 4Y15 — 14Y16 + 4514Y50 4 112Y5; 4 1120Y99

0 < 595Y1 —425Y5 — 170Y3 — 45177Y14 — 6Y15 + 56Y16 + 184289Y59 — 644Y5; — 5453020

0 < 320Y; — 236Y2 — 84Y3 + 6468Y14 + 9Y15 — 48Y16 — 34736Y20 — 1120Y51 + 6998Y29

0 <112Y7 4+ 50Y, — 162Y3 — 649Y714 — 2Yi5 — 15Y76 + 21651Y5q + 420Y5; — 3038Y99

0 < 98Y7 + 34Ys — 132Y3 — 3010Y14 — 4Y15 + 6Y16 + 17990Y50 — 175Y21 + 842Y59

0 < 532Y7 + 192Y5 — 724Y3 + 110924Y14 + 5Y15 + 88Y16 — 226308Y50 + 481Y5; + 45493Y22

0 <632Y7 4 245Y, — 877Y3 — 200684Y14 + 16Y15 — 32Y16 + 128651Y50 4 2144Y5; + 79472Y59
0 <410Y7 — 1526Y5 4+ 1116Y3 — 504274Y14 + 5Y15 + 86Y16 — 1555890Y2g + 6480Y51 + 116585
0 < -2V — 6Ya + 8Y3 4 12Y14 + 3Y15 + 4Y16 + 42Y99 — 2Y21 + 13Y29

0 < 19Y; — 60Ys + 41Y35 4+ 1122Y74 + 4Y15 — 8Y16 + 271Y5 + 56Ys; — 107659

0<7Y; —18Y5 + 11Y3 — T7Y14 — 2Y15 + Yie + 189Y50 — 28Y5; + 194Yo,
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along with some redundant ones. Some linear programming easily gives upper
bounds on all the variables: Y5, Y3 < 1,Y,; < 3,Yi5, Yig < 2,and Yy, Yaq, Yo1, Yoo =
0. We then easily enumerate all solutions, obtaining 13 possible character vectors.
Of these, 9 have components which are identically zero, which is not allowed. The
remaining four have vacuum components as given below.

Y, = (1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0)"

¢PX1(T)wy = 1412 + 73¢° + 346¢> + 1390¢* + 4956¢° + 16715¢° + 52982¢" + - - -
Y, = (1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0)"

¢"PXo(T)wy = 1+ 3¢+ 22¢% + 864> + 461¢* +1992¢° + 834345 + 30997¢" + - - -
Y3 = (1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,0,0,0,0,0)"

¢3X3(7)wy, = 1+ 13q + 83¢> + 372¢° + 1460¢* + 5112¢° 4 17053¢° + 53651¢" + - - -
Y4 = (1,0,0,0,0,0,0,0,0,0,0,0,0,0,2,0,0,0,0,0,0,0)"

¢P3X4(T)wy = 1+ 4q + 32¢° + 112¢° + 531¢" + 2148¢° + 8681¢° + 31666¢" + - - -

All four of these possible character vectors will have four components equal to
0%, 01010 ~°, 000, 071 %, Le. identical with components of the charac-
ter vector of the lattice VOA for A4 & A4. This is highly suggestive: the extended
Haagerup VOA (at ¢ = 8) should contain some orbifold of the A, & A, lattice VOA.
That subVOA would also have ¢ = 8, which means the (hypothetical) extended
Haagerup VOA would be a finite extension of that lattice orbifold. Something simi-
lar happens for the (still hypothetical) ¢ = 8 Haagerup VOA, but there the lattice
orbifold VOA (which is V; for L = A352]1, Zﬂ) only has ¢ = 4. So in this sense the
extended Haagerup VOA is more accessible than the Haagerup VOA. Curiously,
this the same lattice A352[1, %1] makes an appearance both in the Haagerup and
extended Haagerup.

We now employ Lemma to ensure integrality of the Fourier coefficients.

Lemma 10.3. The vector valued modular forms Y1, Yo, Y3, Y, are integral.

Proof. We begin by showing that the columns of =,,(p13) and =, (p5) with A;; >
—1/3 are themselves integral. (These are the only relevant columns, as all other
entries of the Y, are automatically zero.) To see this, we apply the Lemma to the
vector-valued modular form Q=(7)Qte; fori € {1,2,3,4,14,15,16, 20,21, 22}.
Fori € {1,2,3,4,14}, the projective kernel is +I'(13) with index 1092, while for
i € {15, 16} the projective kernel £I'(5) has index 60, and for i € {20, 21,22} the
index is 1. Thus it suffices to check out as far as 8 - 1092/24 = 364.

Next, note that Y; — Y is supported on p;3: more precisely, each of the differences
Xy (7) — X;(7) lies in the Z-span of the third and fourth columns of E(pé‘g) ® pgf)),
so this is covered by the previous paragraph.
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Finally, we need to see that X;(7) is integral. We observe that the inverse of )
is almost integral:

2 1 1 1 1 1
§1000000000000_§§0000§??
—§000000000000§1§0000§§§
-2 00000 000 000 O0-5 4% 0000 ¢ & %
000000 0D0D0 0000 O0-20000-% 2141
000000 000 0000 0—-£000 0 3 11
000000 000 000 0O 0 -0 0 0 0 —%—%¢
00 0000 000 000 0 0 0-100 0 0 00
00 0000 000 0000 0 0 0-1010 0 00
Ql=| Q0000000000000 0 00-1020 00
=] o 0000000000000 O0O0OO-10 00
00 0000 000-1000 0 0000 0 0 00
00 0000-100 0000 0 0 000 0 0 00
00 00100000000 0 00000 0 00
00 0000 0100000 0 00000 0 00
0 00100 0000000 0 0 0000 0 00
0 0-1000 000 000 0 0 0 0 0 0 0 0 0O
00 0000 000 010 0 0 00000 0 00
0 00000 000 00-10 0 00000 0 00
0 -10000 000 000 0 0 0 00 00 0 00
00 000-1000 000 0 0 0 00 00 0 00
00 0000 000 000-10 00000 0 00
00 0000 00-10000 0 00000 0 0O

We see from the locations of denominators in Q! (and our earlier observation
about the integrality of the matrices =, (p)) that it is only the first six entries of
X, (7) which might not be integral. Consider first X;(7),,, the 4th component
(which also equals the fifth and sixth components). Note QY; = e; — e3 + €15 + €22
, and compute

and observe that most of these vanish as =, is block diagonal, obtaining

1

(Xy)a, = ( _lEnQY1)4 = 6( — (En)1515 + (En)22,22)-

These are the coeflicients of a (scalar) modular function for I' = +I'(5), so we can
apply Lemma [10.2) with m = 60, k = 8. After checking explicitly that the first 20
values of (Q7'Z,,QY), are integral, this ensures that X;(7),, is integral.

Now consider X (7),,, the 1st component. We need to show that (Q~'=Z,QY);
is integral. To do this, we take advantage of the fact that (Q*);+(Q "), (mod 1) =
%el + %614 + %622, and that we have already shown =,,QY; and (Q7'=,QY,), are
integral. We then see

(%61 + ;614 + é@z) E,QY, =
is a modular function for I' = +I'(13). Again, Lemma[10.2 with m = 1092, k = 8
allows us to check the first 364 coefficients to ensure that X, (7),, is integral.
Finally (Q7'); — (Q7 1)y and (Q7'); — (Q')3 are integral and supported in
entries 1, 14, and the corresponding columns of Z(7) are integral, so X, (7),, are
all integral. UJ

1

—_

()11 — (En)is + (En)iar — (En)ias) + g(:n)22,22

Wl Do
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1/3 2/3

Multiplying any character vector at ¢ = 8 by J(7)'/* resp. J(7)*/® will give a
character vector at ¢ = 16 resp. ¢ = 24. But there should be many more as ¢ grows,
and knowing other candidates could be important if all 4 candidates at ¢ = 8 fail to
be realised by a vertex operator algebra. At ¢ = 16 we find ¢/24+max;\j; = % <1,
so we consider

Y(‘](T)) = (17 }/27 Yéa Yzla Y:”n Yv67 Yr?a YrS; YE)? 07 07 Oa 07 }/'14’ }/*157 le67 }/*177 07 leQa }/207 1/217 }/722)1- .

Again the conditions X,, € RZZQO for n = 0, 1 suffice to obtain finitely many cases;
we obtain inequalities

0 < 13Y7 — 13Y2 — Y14 — 5Y15 + 8Y16 — 21Y17 + 2Y19 + 3Yo0 — 9Y21 — Yoo
0 < 2119Y7 — 1547Y5 — 572Y3 + 2Y714 + 351Y15 — 896Y16 — 728Y17 + 832Y19 — 28Y5g — 5174Y51 + Yoo
0 < 975Y7 — 715Y5 — 260Y3 + 6Y14 — 254Y75 — 16Y745 — 2058Y717 — 235Y719 — 60Y9g + 750Y51 + Yoo
0 < 39Y7 + 13Y5 — 52Y3 — 3Y14 4+ 26Y715 — 16Y74 — 7T8Y77 — 26Y719 + 2Yog + 65Y51 + Yoo
0 < 339Y7 + 103Ys + 25Y3 + 175Y, + 175Y5 + 175Ys + 98Y7 + 20Ys + 880Y9 — 4Y74
+ 28Y715 + 32Y16 + 266Y17 — 212Y79 — 30Y5g — 452Y51 — 2Y5
0 <103Y7 4+ 27Y5 4+ 337Y3 + 175Y, + 175Y5 + 175Y5 + 98Y7 + 20Yg + 880Yy — 2Y4
— 86Y15 — 144Y16 — 882Y717 + 146Y19 + 20Y5q + 326Y5; + 2Yoo
0 <175Y7 + 175Y5 + 175Y3 4+ 817Y, — 175Y5s — 175Ys — 98Y7 — 20Yg — 880Yy
0 < 175Y1 4+ 175Y5 + 175Y3 — 175Y, + 817Y5 — 175Ys — 98Y7 — 20Yg — 880Y,
0 <175Y7 + 175Ys + 175Y3 — 175Y, — 175Y5 + 817Ys — 98Y7 — 20Yg — 880Yy
0 < 375Y7 + 375Y5 + 375Y3 — 375Y, — 375Y5; — 375Y + 56Y7 — 50Ys + 3300Yy
0 <2025Y7 + 2025Y5 + 2025Y3 — 2025Y, — 2025Y5 — 2025Y5 — 1372Y7 + 164Ygs + 8624Y
0 < 227375Y7 + 227375Yy + 227375Y3 — 227375Y, — 227375Y5 — 227375Yg + 46648Y7 + 850Ys — 44107350Y,
0 <6084Y7 —4394Y5 — 1690Y3 — 6Y14 — 374Y15 + 1702Y74 — 49168Y717 + 1564Y79 + 88Yog — 4582Y91 — 2Yo9
0 < 115765Y7 — 83993Y5 — 31772Y3 + 8Y714 + 7956Y15 — 28112Y74 — 79196Y77
+ 34684Y19 — 308Y5) — 367952Y51 + Yoo
0 <67704Y7 — 49114Y5 — 18590Y3 + 22Y74 — 6878Y15 — 906Y76 — 309708Y77
— 12288Y79 — 780Y50 + 70830Y2; + 2Y5o
0 <3042Y7 — 2197Y, — 845Y3 + 10Y14 — 26Y715 — 460Y16 + 16380Y77 — 2392Y19 + 44Y5g + 3770Y2; — Yoo
0 < 455Y7 4+ 182Y5 — 637Y3 — 68Y15 — 160Y76 + 980Y717 4+ 92Y19 + 28Y5) + 1160Y5; — Yoo
0 < 312V + 1045 — 416Y; — 3Y14 — 65Y35 + 64Y16 + 2002Y17 + 234Y39 + 30Ya0 — 3002
0 <13Y7 + 13Y5 — 26Y3 + 2Y714 + 6Y75 + 19Y76 — 28Y717 + 24Y19 — 4Y50 + 10Y51 + Yoo
0 < 8450Y7 + 3211Y5 — 11661Y3 — 20Y74 + 1768Y15 — 1320Y74 — 52780Y77
— 3484Y19 + 44Y50 + 19604Y5 + 2Y5o
0 < 78Y7 — 260Y5 + 182Y3 — 6Y714 + 14Y75 4+ 98Y16 + 924Y77 4+ 80Y19 — 20Y5g + 546Y5;
0 < 403Y; — 1443Ys + 1040Y3 + 4Yi4 + 208Yi5 + 523Yi6 — 379617 — 884Yig + 76Ya0 + 156Yay + Yan
0 <26Y7 —91Y5 4+ 65Y3 + 2Y74 + 34Y75 — 28Y716 + 56Y77 + 92Y79 + 58Y51 — Yoo
0 < 1170Y; — 4342Y; + 3172Y5 — 5Y14 — 351Vi5 + 280Yi6 + 2047517 + 169Y10 + 57Ya0 — 8385Ya; + 2Yag

with 179,459 solutions. All appear to have positive integral Fourier coefficients for
many (and probably all) terms. This time, Lemma 10.2 would require checking about
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twice as many coeflicients for integrality as was necessary for ¢ = 8. Although
this is probably possible, enough effort is involved that we have not done this.
At ¢ = 24 we find ¢/24 + max;A;; = 1, so we consider

Y(J(7)) = (J(1) + Y1, Ya, Y3, Y3, Y3, Ve, Yo, Yz, Yo,
Yi0, Va1, Yi2, Vi3, Yia, Yis, Yig, Va7, Yis, Yig, Yao, Ya1, Yao) ',

but this time just with Y; € C. The requirement that the first component Z(7) Y(J (7))
has the strictly lowest leading exponent forces Yy = —%, Yis = —%, and Y5 = —1.
Now, sadly, the conditions X,, € ]R2>20 do not appear to cut out a bounded region,
no matter how high an n we consider. (In particular, Y, . .., Y5 are unbounded.)
However the conditions X/, ; > 0 for n = 0, 1 do cut out a bounded region. We
cannot enumerate the points however (the naive upper bound we have on its
volume in the Y; coordinate system is around 10*®), and the collection of solutions
may shrink further as we consider X;l; ;=0 for larger n. Nevertheless, it is possible

to find new individual solutions, for example

219 23 83 625 625 625 1 19

27 66 6 6 6 2 3’
1 10 77 302 2 1

.
12,—>,1,16,——, —, —4,5, == —2 - 10,-1,4
) 67 Y 67 3737 ) ) 37 3737 07 ) 9)

Y(I(r)) = (Jm n

which gives non-negative integral X, ; at least up to n = 50.

APPENDIX A. SOME CONSEQUENCES OF LEMMA [3.]]

We record here some additional consequences of Lemma which although
unneeded for the present argument, may prove useful to others.

Corollary A.1. If the full Galois orbit of some x € ® has cardinality k < 6, then
the root of unity T, has order dividing some number in the set N, where

N ={2°-3}

Ny ={2*-.3.52*.3}

Ny ={2%.322%.3.7}

Ny ={2°-3,2*-3.5}

N5 ={2°-3-11}

Ng=1{2*.3%2%.3.7,2%.32.5,2°.3.5.7,2°.3-13}.
Proof. Clearly the formula for k(N,) in Lemma [3.1|is increasing with respect to
the factorization of /V,. Moreover N, can not be divisible by any prime p larger

than 13, as otherwise (V) > (p — 1)/2 > 6. Thus we just need to check small
exponents in N, = 2H23H35Hs7HT ] ]H11] 3H8, 0

The Mathematica notebook ConductorsForOrbitsSize.nb available
with the arXiv sources of this article readily computes N}, for values of k up to
several hundred.
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Corollary A.2. Let k, be the size of the full Galois orbit of an object x and N, be
the order of T',,.. Then for any § > 0 we have

N, < Csk!T°
where

9 1446
ci=alr(;5)

pEFs
where the product is taken over the finite set

9 \ 40
P5:{3<p:pisprimeandp(—1) >1}.
p_

(The set P is certainly finite as all such primes are less than max{7, 1+2 (%) 1/6}.)

Proof. Write N, =[], p"* as before. We have

N,
@ZHRP

p|Na
where
2 if o =1
Ry=<¢4 if o = 2
93+8(3=12)  if 1y > 3
and

9 149
R. = 1+6(1—pp) [ < '
P p p— 1

Thus in the worst case p15 = 3 and 1, = 1 for each other p|N,. When u, = 1, R,
1+0
simplifies to p (%) . We then have

Ny
ﬁ - R2R3 H Rp
z 3<p| Ny
2 146
<24 —_—
Il (p - 1)
pEPs
= Cj. O

The rank of a modular tensor category is the sum of the sizes of the Galois orbits
of objects, while the exponent is the least common multiple of the orders of the
eigenvalues of 7', so while we have close-to-linear bounds on the conductor on
each orbit, it is still possible to have exponential growth of ord(7’) relative to the
rank, as for Rep D.S,,.

Incidentally, for all odd primes the smallest irrep of SL(2, Z,») with conductor
p” for v > 2 has dimension (p? — 1)p”~2. The smallest irrep with conductor 2" for
v > 4 has dimension 3 - 274,
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APPENDIX B. EXPLICIT MATRICES FOR SOME IRREPS OF SL(2,7)

The representations we are interested in both lie in the principal series of SL(2, Z.,,).
In particular, write B for the (Borel) subgroup of upper-triangular matrices (“ b )

0at
Each irrep A of Z) = Z,_, extends to B by A (% %) = A(a). Denote by pPIA
the induced representation Ind;L(Q’Z” '\ — it will be p + 1l-dimensional. Then

pPA =2 pPiA s jrreducible iff A2 # 1. By contrast, p?)! is the direct sum of
1 and an irrep called the Steinberg representation, while p®* for the order-2 A
is the direct sum of two (p + 1)/2-dimensional irreps. Coset representatives for
SL(2,p)/Bare () and (! 3'), and using this it is easy to work out not merely
the characters of p(p)?’\, but explicit matrices as well.

The modular data of the centre of the extended Haagerup has two building blocks:

the conductor-5 irrep pg’) and the conductor-13 irrep pgf’). The irrep pg’) is the

Steinberg representation for SL(2, Z5), while the other irrep, p{-”, is p(13) for the
(unique up to complex conjugate) order-3 \. It is thus easy to work out explicit
matrix realisations. First, pg) is generated by matrices T8(5) = diag(1,&, &2, £3,&2)

and

-1 —6 —6 —6 —6
1 -1 —2¢c—-(¢ 2c 2c —c—2c
55(55) =1 -1 2c —c—2¢ —2c-( 2c
o ] 2c —2c—c —c—2¢ 2c
-1 —c—-2¢ 2c 2c —2¢c—¢
where we write ¢ = 2 cos(27/5) and ¢ = 2 cos(47/5).

Likewise, p(lag) is generated by 14 x 14 matrices Sﬁ?’) and Tl(i?’). Label their

rows/columns by 0, 1,2, ...,12,0 in that order. Then (Tl(is)) = (Tl(f))) =1
00 00’

and (Tl(f’)) = ¢!, foreach 1 < | < 12. Write ¢; = 2cos(2mj/13). Define
I

vectorse = (1,1,—1,—1,1,—1)and & = (1,1,1,—1,1, 1) and quantities s(I) =
(Cl — C9 — C31 + C5l)/13, S/(l) = (1 + 301 -+ 3051)/13, t(l) = (2 —C+ Coy — 041)/13,
and t'(1) = (2cy — c31 — ¢51)/13. Then
Soo = 5(1), Soor = 5(2), Soro = —5(4), S = —s(1),
Sl2,0 =& S(Z) s SO,l2 =& Sl(l) s 821270 = 8; S(4l> s 50’212 = 5; S/(4l) N
SIQ,O’ =& S(QZ) s SO’,ZQ = —¢& S/(4l) s SQZ2,U’ = 8; S(5l> s SO/’2l2 = —52 S,(Sl) s
Sizm2 = eremt(Im), Spome = Somz2 2 = e, t'(Im), Saz om2 = €16, t(2lm)

where subscripts in Sz ,,,2 etc are taken mod 13, and [, m run over all numbers
1,2,...,6. The parameters [, m parametrise the quadratic residues and nonresidues
mod 13, which behave slightly differently.

Curiously, the doubles of the even parts of both the Haagerup and Asaeda-
Haagerup subfactors are likewise built from the principal series, for p = 13 and
p = 17 respectively, specifically from one of the (p + 1)/2-dimensional irreps in
pP) for the order-2 \.

It would be interesting to investigate the possibility of fitting the modular data

of the extended Haagerup into an infinite sequence. This would be somewhat anal-
ogous to doing it for the Haagerup. The latter was done in [EG11]], but what made
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that possible was that there was already an infinite family to which the Haagerup
hypothetically belonged [Izu01]], and the first several subfactors in that sequence
were already known to exist [EG11]. Doing this for the extended Haagerup would
be a much greater challenge, but a very interesting one!

In particular, we learnt above that the SL(2, Z)-representation for the extended
Haagerup is isomorphic to p13 ® ps & 1 B 1 @ 1, where ps5 is the Steinberg represen-
tation of SL(2, Z5) and p13 lies in the principal series of SL(2, Z;3). So we may look
for modular data isomorphic to p, @ p, @ n 1 for some n € Z>( and some primes
r, p, where again p, is Steinberg and p, lies in the principal series (and perhaps
corresponds to the unique A € Z; of maximal odd order). In the expression for
S in Theorem there are six awkward submatrices, namely U, V, W, A, B, C.
But thanks to Lemma (4.1} TV resp. A, B, C' can be read off from p, (! ') resp.
pp (Y 75'), and as we explained in this appendix those matrices are readily computed.
Moreover unitarity of S forces n = r — 2. So only the symmetric n-by-n matrix
U and the n-by-(p—1) matrix V need to be identified. They are directly obtained
from p, (¢ ') and p, (? ') by the change-of-basis matrix we call () and, as we
see in Section[9] () takes a very simple form for the extended Haagerup. We haven’t
pursued this any further.
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