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• what are these things?

• what do they look like ?

• what are they for ?



In a monoidal category,

we have objects and

mophisms,
and we can form tensor products of

objects and of mophisms
.

the important axiom is the exchange relation

to#h#Hg f g

or in symbols :

( f a g) • (hold = (foh) @ (gold
.



the important  axiom  is the exchange  relation

we could also express this as a tidy -Dah#
commutative diagram :

or  

msMbdfpbp.aokk1foH@Cg.k)
.

e(a→b)×ek→d)×E(b→e)×e(
d.tt#Y'e(ac-bd)xe(bd-sef)fywitgahythewg2ndand3dµo -

ECa→b)×E(b→e)×e(c→d)×eCd→f) C(ac→ef )

e) xeG→p ,
to

to → +¥>e(a→



We're now going
to enrich our monoidal categories

in some other category V
.

We no longer have morph isms
,

or even a set of mophisms.

Instead
,

for each pair of objects a.b
,

ECa → b) is an object of V
,

and we ask that composition

EC a → b) ×E(b → c) → Ela → c)
and tensor product

E(x→y)×E(w→z)→C(xw→yz )
are both morph isms in V

.

what sort of categories can we use as V ?



Certainly V will need to be a monoidal category ,

to make sense of these
products

EC a → b)×E(b→d¥se(a → c)E(x→y)×E(w→z)*→C(xw→yz
)

We'll also need a way to implement

the
switch '

in the exchange relation :

( f • g) • ( hok ) = (fohfoctgok)

Usually one studies the situation where

V is a symmetric monoidal category.



We've realised that much
,

but not all
,

of the theory
can be developed for

V a braided monoidal category.

and even better there are interesting and useful examples .

the exchange relation is

e(ac→ef ) e(ac→ef )
1

1

ie ie
~ - = n

Fein Foh
' 7¥07

Cca → b) ek→d) Gb → e) add → f) ela → b) ek→d) Gb → e) eld → f)

We call such a gadget a V - monoidal category .



One can
define monoidal funders between Vnonoidal categories

,

and natural transformations between these
.

(In good situations
,

these form a 2- category enriched in V
. )

Curiously
,

products of V - monoidal categories don't seem to work .



We can classify V - monoiddl categories in terms of classical

data
.

Define to
,

an honest ' monoidal category,

with

Eta → b) =V( 1. → E(a→bD .

There is a funder
tr : E → V

x - E(1→x )
.

theorem(Morrison - Pennegs 2016 )

{ Yeah;:Ester.gs#yE9edsogaEygda
a # avant tense.IE?giEIgIj }



{ umonoidal . catanese }t{ defendsIII.FEET }

this
gives a generalisation of de - equivariantisatson :

when we have Rep G CZCT )
,

T monoidal
,

there is another monoidd category THG
,

'

the quotient by G
'

.

We can
think of this via our theorem -

• first use the bijeehon to produce a RepG-enriched category

• second use the lax fundor Rep G → Vec to obtain

the honest monoidal category THG
.



(

Exoinpes Ades is an interesting fusion category with

four simple objects

•±-dg-•f÷•z
In Z(AdEd

,

we find a copy
of the Fibonacci category ,

so we can
'

quotient
'

by it
, producing a

Fib - enriched monoidal category ADF.gl/f..b
,

with two simple objects 1. ¥
,

and

# I 1 @ 7C �1� 7C (something that  
could net happen m

the World of fusion categories

but where one of the maps 2E→7E is

'

I . graded
'

: ADF.gl#b(7E-Dt)=1tot



what next ?
• more examples ( 'genuinely oplax ' ?)

• simpler constructions of exotic tensor categories
• V - complete ←→ strong monoidal function

• coherence theorems
,

stratification
• semi simplicity
• idempotent completion
• Dnnfdd centres

• bimodnle categories,

Brauer - Read gsoupoids
• fusion ring , principal graphs,

connections

• classification


