
Today (pivotal) categories generated by a trivalent vertex
.

simple

Eya_mp1e Say we had amltdcategoyE
,

with a self . dual
.
object X

, generated by

a mophism t :X @ X→X
,

and dme(XoX→X•X)=2
.

what could we say?

inside ecxoxesxoxl
.

we have
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We can the a- I
, p=dt ,

so

Yitktun
Lemont there is a unique non # ate pivotal category

generated by k satisfying ¥= a) I + By
.

Lemina If you
have relations sufficient to evaluate all closed diagrams,

you're unique . with simple tensor  unit

prod Pivotal categories n
home a unique

maximal ideal
,

which is

the ideal of negligible elements
.

that a non - negligible element  in  an  ideal faces the ideal to be everything .

Does such a category Fb
,
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±
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( 301in -
root of
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We 'd lobe to develop a uniform approach to questions the this
.

Consider the free spherical category F on some
collection of generating

mophisms .

Any quotientGFIIhaving a simple tensor unit givesan invariant

Hzpdyhedra

determined by evaluating each polyhedron as an endomorph , sm of 11
.

In fact
,

there's at most

one
non degenerate quotient over

eaoh

point  in IKP!

Dimension bounds on horn spaces in C cut out sub varieties
.



First { 1
,

d
,
} in e(x→X ) .E×±P

the matrix of  inner products is |0gDg)
'

fathisjjsstrahhae
.

'

%) 0 =D D

In fact
, since I is nonzero

, ¢=b| for some b
,

and by

normalising we can take b=l
,

Consider { ) 1,1
,
Y }

.

the matrix of  inner products is

.:
.:* the :* tied:L

with determinant d5 . d3 - da -0

so d3ld '
- d- D =O

.

the hypothesis that e is non degenerate ensures do
,

so we get D= 'WE
.
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Theoamtt dmea <3 ⇒ Psoa ,=d+t - dt -2=0

and C = SOBK if (d ,t ) # fl
,

E)

or RepOsp(112) if (d ,t)=ft3z)
.

Theories dmEa=l0 and d. MGHO ⇒

Papa - E- t -1=0 and E is an

' '

ABA category
"

or Pa .=d2E-2dE+4dE '
- dt3+6dt2+4dt

q

||
$013 )

tdtts - 4t4tt3+z2 -2=0

1 and E is (G)
q

with D= qntqstaitltqttqistqo
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Sketch of A

Times → detf"ftp.??.#Yy=o ⇒ Psafdttdt -2=0
.

there must be a
relation amongst )l

,
Y ,Y, ,H

,

and with a little work it must be of the form

H = a ,Y+p)l+oY .

This let's us evaluate any
closed diagram,

so there is at

most one non degenerate category over each point of Boon
.

In fact we can derive )d . Y
,

+ a÷| ) 1. Y ) =O

the 50131 categories realise all but the pant (d -
t

,
t=Z)

,

which is realised by OSPCZI 1)
.



Proototb If ¥
,

) -471,2 are dependent
,

we an deduce dimes ?

Thus they are a basis
.

014,0 ) to
,

so Psu
,

# and dtttdtto
.

014,17=0 ,
so D)£=2d+2dt-4dE#ttE

'

dtttdt

and II. dtdItahK+HHtI¥attthHun)
.

LemmaIMY n ,k) has entries rational

functions
in d. t

,

if nt2k< 12
.

Pzot n+2k< 12 ⇒ there one fewer than 12 faces in each polyhedron,

⇒ this a square or smaller

Lemnfa 2 If there is a linear relation amongst Dfn ,k)
,

0(n '

,
k ' ) -0 for all n' 7n and kzk

.



015,07 = d
"

Pain
.

Pion
,

Qr

095 'D = d
"

P3n→aP3oa, Pa
.

QI (A dime 4)

If dimes EIO
,

0015,17=0 ,
so Para -0

or PAEO.

Now we turn to uniqueness,

and prove :

for each (At ) with PABAO or Paso,

there is at most one category with dm ¥9

Say a
face is

'

small
' if it is a pentagon or smaller

.

dmesdt

6m_ma3a boundary connected open planar trivalent graph with nets

boundary points and no
internal small faces has

no internal faces
.

Eakin a A closed planar trivalent graph has a small face .

prod Given each in . gon
$6 - n dollars

. By Euler characteristic
,

there are $12 in total . Show we the money
!



temma 4 given
a relation reducing each k£4 -

gon,

and some relation in DOGTD
,

there is a relation reducing the pentagon .

Cos we can evaluate all closed graphs, so there is a unique
such nondegenerate category .

Lemma 5 If dmCa=4
,

with a relation in D 015,D
,

then

Es is spanned by 1315,4
.

Proof by

lemmas3,4
anything in G can be reduced to DK ,o)

.



Relations • On Parsa -0
,

if 17015,D spans Es
,

then are
relations

th + { tt +5 # +53 A' ' +5'YC=o
(and the c. c.)

• On Paz
,

if 17015,1) spans G

-&= we # +  rotations) + { ( tf + rotations)

prods just look at the band at

M95iD.The@unqmuesslfD0l5.D
is dependent ,

then lemma 5 says DIFD spans,
so DTID

spans.

Otherwise , since dimes £11
,

it also spans.

thus we hone the relations above
,

and the corollary

genes uniqueness .



Realisation

ABA as a free product

(G)
e

via Kuperbeg's Spider

( a , very recently
,

Ostnk . Snyder show

RepUqof .
⇐ (G)

q
even at (most)

rods of unity.)



Sketch
dmEa=4 ,

dim EFH , dimfo< 40

If D (6,07 is dependent
,

016,07=0016,17-096,27--017,07--0

by Grobner bases
,

we reduce to finitely many
points

on the Gz or 5013) canes
,

and by the earlier

uniqueness
results in fact dimes -40

.

There are
41 diagrams in DQGD

,
so

DO (6,17--896,2)=0

thus we are . on Psd ,
or Paz (contradicting dmG=lD

• on an elliptic carve Q ,F

on which we can calculate 097,17 and 097,2 ) ,

obtaining D= 3¥13
,

t= . }d+E or one of 96 horrific

• at finitely many
other pants

,

at ah,Mh#at what rank MOKRKB

097,1 ) and 0017,27 don't vanish



Uniqueness Lemrta every dosed planar trivalent graph has a

-

pentapent or a

hexapenthemma
every open planar trivalent graph with at most 6

boundary points is in

D°(n
,

D or

has an internal pentapent or hexapent.

tlmma if dim la=4
,

and ae can reduce pentapents and hesqank,

D°( ni ) spans En In nE6
.

6mL " if dml*=4
,

d ,mf=h
,

d.mg#qf'tdmsmnNkDs39

,

DIGA independent means

there are relations amongst
than D°(6,1) Spans . pentafoks hence reductions

.

from this we look at the band of MTGD to obtain relations
,

and use these to show we can evaluate

by reducing pentepents and hexapenk .

Realisation some sneaky arguments showing H3 can't be anywhere

earlier on the list
.


