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structure Presheaf :=
(X : Top.{v})
(¢ : (open_set X) = ()

structure Presheaf _hom (F G : Presheaf.{u v} C) :=
(f : F.X = G.X)
(c : G.# = ((open_set.map f) >> F.#))
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:m infinitude_of_primes (N : N) : 3 p = N, prime p :=

= fact N + 1,
et := min_fac M,
)ave pp : prime p, back [ne_of_gt],

existsi p,
split,
{

by_contradiction,

have hi : P
have h2 : p
ave h : p | 1, back [nat.dvd_add_iff_right],
back [prime.not_dvd_onel,

}’

assumption,

I
| fact N, back [prime.pos, le_of_1t],
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(4% * Yoneda functor %)
(k% On objects %)

Definition yoneda_objects_ob (C : precategory) (c : C)
(d:0) hom C d c.

Definition yoneda_objects_mor (C : precategory) (c : C)
(dd':C (f:homCd d')
yoneda_objects_ob C ¢ d* -> yoneda_objects_ob C ¢ d :
g, f g

Definition yoneda_ob_functor_data (C : precategory) (hs: has_homsets C) (c : C)

functor_data (C"op) HSET.
Proof.
exists (A c', hSetpair (yoneda_objects_ob C c c') (hs c' c))
intros a b f g. unfold yoneda_objects_ob in #. simpl in x.
exact (f - g).
Defined.

Lemna is_functor_yoneda_functor_data (C : precategory) (hs: has_homsets C) (c :

is_functor (yoneda_ob_functor_data C hs c).
Proof.
repeat split; unf; simpl.
unfold functor_idax .
intros.
apply funextsec.
intro f. unf. apply id_left.
intros a b d f g.
apply funextsec. intro h.
apply (! assoc _ _ _ ).
Qed.

Definition yoneda_objects (C : precategory) (hs: has_homsets C) (c : C)

functor Cop HSET
tpair _ _ (is_functor_yoneda_functor_data C hs c).

(3% ¢ On morphisms %)

Definition yoneda_morphisms_data (C : precategory)(hs: has_homsets C) (c c' : C)

(f:homCcc'):fla: obChop,
hom (voneda obiects C hs ¢ a) ( voneda obiects C hs c' a)

Section yoneda_lemna.
Context *{Funext}.
Variable A : PreCategory.
Variable G : object (A%op -> set_cat).
Variable a : A.
(** There is a contravariant version of Yoneda's lemma which
concerns contravariant functors from [A] to [Set]. This
version involves the contravariant hom-functor

Chs = Hom(—, A)1,

which sends [x] to the hom-set [Hom(x, a)]. Given an arbitrary
contravariant functor [G] from [A] to [Setl, Yoneda's lemma

asserts that
[Nat(hs, G) = G(2)]. *)

Definition yoneda_lemma_morphism
: morphism set_cat
(Buildhset
(morphism (A*op -> set_cat) (yoneda A a) G)
2
6 a)
:= fun phi => phi a 1%norphism.

Local Arguments Overture.compose / .

Definition yoneda_lemma_morphism_inverse
: morphism set_cat

€ a)
(Buildhset
(morphism (A*op -> set_cat) (yoneda A a) G)
e
Proof.
intro Ga.

match goal with |- NaturalTransformation ?F G => constr:(F) end in
match goal with |- NaturalTransformation ?F 26 => constr:(6) end in
refine (Build_NaturalTransformation

Fo Go

(funa’ : A => (fun f : morphisn A a’ a => morphism_of G f Ga))

).
simpl in *.
abstract (

theory Yoneda
imports NatTrans SetCat
begin

definition YFtorNT' C f = (NTDom = Hom cidomc f] , NTCod = Hom{cod ¢

£y

NatTransMap = X B . Homc{B.f])
definition YFtorNT C f = MakeNT (YFtorNT' C f)
lemmas YFtorNT-defs = YFtorNT'-def YFtorNT-def MakeNT-def

lemma YFtorNTCatDom: NTCatDom (YFtorNT C f) = Op C
by (simp add: YFtorNT-defs NTCatDom-def HomFtorContraDom)

lemma YFtorNTCatCod: NTCatCod (YFtorNT C f) = SET
by (simp add: YFtorNT-defs NTCatCod-def HomFtorContraCod)

lemma YFtorNTAppl: assumes X € Obj (NTCatDom (YFtorNT C f)) shows
(YFtorNT C f) $8 X = Homc[X f]

proof—
have (YFtorNT C f) $8 X = (YFtorNT' C ) $3 X using assms by (simp add:
MakeNTApp YFtorNT-def)
thus fthesis by (simp add: YFtorNT"-def)
qed

definition
YFtor' ¢
CatDom = C ,
CutCod = CatEzp (Op C) SET ,
MapM = X f . YFtorNT C f

definition YFtor C = MakeFtor(YFtor’ C)
lemmas YFtor-defs = YFtor'-def YFtor-def MakeFtor-def

lemma YFtorNTNatTrans':
assumes LSCategory C and f € Mor C
shows NatTransP ( YFtorNT' C f)
proof (auto simp only: NatTransP-def)
have Fd: Ftor (NTDom (YFtorNT' C f)) : (Op C) — SET using assms
by (simp add: HomFtorContraFtor Category.Cdom YFtorNT"-def)
have Fe: Ftor (NTCod (YFtorNT' C f)) : (Op C) — SET usi

ing assms
by (simp add: HomFtorContraFtor Category.Ceod YFtorNT'-def)

show Functor (NTDom ( YFtorNT' C ) using Fd by auto

show Functor (NTCod ( YFtorNT' C f)) using Fe by auto

show NTCatDom (YFtorNT' C f) = CatDom (NTCod (YFtorNT' C f))
by(simp add: YFtorNT"-def NTCatDom-def HomFtorContraDom)

show NTCatCod (YFtorNT' C f) = CatCod (NTDom (YEtorNT' C f))

MapM = X § . YFtorNT C f



variables (C : Type ui) [¥€ : category.{u1i vi} C]
include &

def yoneda : C = ((C®?) = (Type v1)) := A X, A Y : C, Y — X.

def yoneda_evaluation : (((C®) = (Type vi)) x (C®?)) = (Type (max ui vi)) :=
(evaluation (C°?) (Type vi)) » ulift_functor.{vi ui}

@[simp] lemma yoneda_evaluation_map_down
(P Q : (C? = Type vi) x (C?)) (a : P — Q) (x : (yoneda_evaluation C) P) :
((yoneda_evaluation C).map a x).down = (a.1) (Q.2) ((P.1).map (a.2) (x.down)) := rfl

def yoneda_pairing : (((C®) = (Type vi)) x (C®)) = (Type (max ui vi)) :=
let F :

(category_theory.prod.swap ((C®) = (Type vi)) (C%®)) in
let G := (functor.prod ((yoneda C).op) (functor.id ((C%®) = (Type v1)))) in
let H := (functor.hom ((C®) = (Type vi1))) in

(F >» G » H)

@[simp] lemma yoneda_pairing_map
(P Q : (C? = Type vi) x (C%®)) (a : P — Q) (B : (yoneda_pairing C) (P.1, P.2)) :
(yoneda_pairing C).map a B = (yoneda C).map (a.snd) » B » a.fst := rfl

def yoneda_lemma : (yoneda_pairing C) = (yoneda_evaluation C) :=
{ hom := { app := A F x, ulift.up ((x.app F.2) (1 F.2)) },
inv := { app := A F x, { app := A X a, (F.1.map a) x.down } } }.
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