
We will describe physical systems by their observable.

An algebra of observables A is

•

an
algebra over E

,

with a

• star structure t : A  → A
,

satisfying.

- ( z . a)
t

= I • at

- ( at b )
"

= att bt

- ( abt = b'
-

at

such that there merely exists a norm H - It : A → Rao

( so Ha tbh shall Hbk
,

Kable Hall Hbk
,

and Hz . all = HI Hall )

satisfying Hat all -

-

Ha '- It Hall
.

f Further
,

if the algebra Is infinite dimensional
,

we require that there merely exists

another named space
(Bill - H) so A=B*

. )



Lets begin with the fundamental definitions
.

Suppose we have a system described by a

* - algebra A
.

• An observed is an element a : A
.

• An

event
is a projection in A

,

ie
. a p : A so pZp=pt .

• An element b : A is positive if b -

- ata

for some a : A
.

• A

state

of
is a linear functional A  → E

so off 1) = I ( "

9 is normalised")

and flat a) 30 ( "

g is positive
")

Note that any convex linear combination

[ Kick .

of states is a state
.

( Kiko
,

Exit )



• The expected of an observable a

in a state of is offal .

• The probability of an event p in a state y
is its expected value

, cffp) .

* I : A is the
" certain ' event :

9111=1 for every state of .

* O : A is the
" impossible

' ' event

9101=0 for every state of .

• After observing an event p in the state g ,

the

newstate
is

§ (a) = Iap )

Q ( p )
.

Just for now
, try not to attach any familiar

meanings
to these words !



Our next task is understand what all these

definitions mean for particular examples

of algebras of observables A
.

⇒ We'll find that for commutative

algebras
,

all these definitions coincide

with the informal interpretation of the world

⇒ This suggests we should accept that

however these definitions play out in

the noncommutative case
,

we should

accept them as reasonable

descriptions of

events
,

States
,

probabilities
,

and
"

updating knowledge on the basis

of observations
"

in
the quantum world

.



• What's the simplest example ?

A  = €
" (with pointwise multiplication)

EI: p' =p
-

- pt ⇐ all entries of
p

are O o - I
.

Thinking of E
"

as
Fun ( { I

,
- in 3) → I

,

the events are the characteristic functions

of subsets of { I
,

- in }
.

Every event is uniquely the sum of some subset of

the
" minimal events

"

Si = (O
,

-

,
O

, 1,0
,

-

,

O )
.

The support of pq for p and q
events is

the intersection of the supports of p and q .

⇒
"

pq is the event
'

p and q
'

"

Positive observables

pita ⇐ all entries of
p are

non - negative .



States The linear functionals
on 6

"

just look

like E : 9=19 , ,
-

,
91

qfat-EQ.ci
A linear functional B positive Af

Cli 30

A linear functional is
normalised 9fH= I

At Ecf .
 

-

- I

States (E) = LT
' (the n -

I simplex)

*
These are the probabilities on

the

finite set El
,

- in }
.

In a state of
the probability of the minimal event

p
-

- Si is Gfp) = Qi .

For a general event p=¥⇐§÷ .

it is Epi
.



An extrema is a state which is

net a convex combination of other states
.

The extremal States for E
"

are the

si a ( o
,

-

,

I
,

- D)

s
'

My••;¥'
In the state 8

,

the event p ,
is

" certain
"

:

8
'

fp , )= lol to -01-0.0=1

while the events p .

and p,
are

"impossible
"

.

In this example
,

Every state is uniquely a

convex
linear

combination of extremal states
.



Suppose we are in the state

4=(9%93,94)
and we observe the event

p
-

- ( 1,1
, 0,0 )

.

Our update rule says
the new state is

§ (a) =
91Pa p )

=
91Pa)

Tip Tip GmacomttmiLane ,

so Gla . .az
,

a
,
%) =

919 . a. 0,0 )
-

9141,0,
0 )

= Qdz
4. t Q2

Observe that in
the new state

, p is certain

and I - p is impossible .



For a and p
both events

, {
assuming commutativity

§ ( a) = 91paps
⇒

⇐
deal

Qlp)

is Bayes
' law :Pla

given p , =

Plaandp)_Pcp
) .

(Notice that as every observable is a

Q - linear combination of events
,

in fact it suffices to define q on events
.)

That's
"all A classical probability

"

.

Every finite -
dimensional commutative * - algebra

Ts of the form ① for Some n
.

Infinite dimensional commutative von Neumann algebras

are VIX
, m

) for some measure space
CXp)

,

and the States are exactly the

probability measures .



Thenoncommutahvewod

In A -

- Maid
.

with Hbd :( If)
an event p' =p - pt

must be a self - adjoint matrix
,

with

eigenvalues O and I
.

These come in three flavours :

• p
-

- fo9) .

the certain event

• p= ( oooo)
,

the impossible event
.

• otherwise, p is a r on
.



Solving the equations

① trp = It .

.
 = Otl =/

② def p
= Mhi = O . 1=0

③ p
-

- pt

we find

p=tz[
'

ja;
"

Ii:] with KYZER
.

and x 't
y

't 22=1

Thus rank I projections are indexed by

points in the unit sphere in R ?

Events ( Maid ) =

p
•

I
•

U •

q W •

°

•

tp

Notice evenly no longer decompose uniquely as

sums of in decomposable events :

c.on .
it :O

. ) -

- E.
t I

'

.

p t I -

p q t C '

 
-

q )



States

By a direct calculation using

Cf linear , 9111=1
, data ) 70

,

we can compute the states :

9., y.zfaabdt-EZ.at't:b t  ¥9 . c +  

IE. d

for x. ya Z EIR
,

x' ty 't E SI
.

0

Notice
⑥

the space
of states is convex .

. but states are not

uniquely
espnessible

as convex linear combinations

of the extremal States

• States are net probability measures on some set
.



 

Recall the space of states for Make) is the unit ball

it9.
, .IE bdt-EZ.at':b t  ¥9 .  at . d

••
IT ) (Ebd ) = a

↳ lack ) -

-
- fgbd) = atbttd

✓ •

s Its lack ) -

.
d

Let 's measure the observable E -

- to8) on the state IT )
.

IT ) 1%1=1
,

so the event E certainly occurs
.

When we observe this
,

the state doesn't change :

all :H=M%÷%÷;g=!E÷¥=¥ .

so µ^ = IT >
.

CThis is a good sign : if are observe something we're

certain occurs
, we don't need to update our knowledge .)



 

what if we measure the event F=[ fete ] ?

A) ( E¥
.

] ) =L
,

so we have a 50% chance of
observing

F (and hence also a 50% of "

not F
"

= I - F)

If we observe F
,

the new state is

all ::D . mail.EE?.fjid=nffitE?InI.atn#

so µ^=l⇒ .

If
,

on the other hand
,

we observe I - F
,

then the new state is 1←)
.

We can interpret [ to:] as
"

measuring in the z - direction "

and [ fete ] as
"

measuring in the x - direction "

.



 

After measuring It:] ,

the state is either IT ) or ID
.

After measuring
'

IT ,
the state is either tis or KS

.

In the classical setting .

extremal States are definite

I that is
, µ ( E) = O or I for every event E)

and do notchinge after
any measurement

.

In the quantum setting
, e.g .

Make) there may be

no definite states at all !
-



 

It gets even stranger!

Bell 's inequality

←A. B.C. D are classical observables taking values in {±B
Cie

. tA¥T=a÷l

then for
any state µ ,

µ( AB + BC + CD - A D) E 2
- D

Pzoof Think of these in a square A. ,

B - c

If A =D
,

then AB + BCTCD - 1<-3 - 1=2

If AFD
,

then either AIR
,

BFC
,

or CFD .

In any case ABTBGCD +1<-2 - 1+1=2
.



 

However in
the quantum World it is easy to violate this

inequality

and this violation has been

experimentally observed!

Example : A= Mala
, µlH=tr|fogEyEq8g]x)

at
'

'

. ;] .

a- trfit ,;] , of ,;

":] .

# taft' I
,;]

and ( exercise !) µ( AB + BC + CD - A D) =µ(AB)+µlB4+µK D) HAD
= th + th + th - - th ⇒ Be > 2

.



• States and events

state operator correspondence :

gposih.ee?:eYnI;f3a-4iiiiiiesona3ri-sCai-strCraD

Observe for Q2 and ME
,

there was a

correspondence

{ rank I projections } → { extremal
states }

(both are
the unit sphere)



Vector states

Every finite dimensional algebra of observables

is semisimple and in fact by

Wedderburn's theorem

A  E Mn
,

6 ① Mnf ④ - to Mnf

More abstractly , every algebra of observables

admits a ( non - unique ! non - physical !)

faithful action on some Hilbert space.

In particular,

⑤ Mm.

E A ① Eni

but matrix multiplication is a faithful action
.

We have

Bs
⑦

MniG¥em
Men ?

morphism My
Or in

infinite dimensions

A → Blk )



E.g .

ME 062
.

Given a unit vector § EH
,

we can define

a state by

9daL -

-la5.5) .

this really is a state :

Qsl It = (5. S ) = HIT = !

clglbtbl = (b
'-

b 5.31=63,65130
.

States realizable in this way are called

vector states
.

Notice that the vector itself linked
,

the vector

space !) has no physical meaning :

Cfg = Cfeiog

and if we embed A → BIH ,
@ Ha)

coat ,
Then qstyla) -

-

(1881131,141--1%1,1411-65,9)=9

, la )
.



What are the vector states A ME ?

Hahah::L
.

Is:D
= a Hell'tbe

, scat Cx
,5htdHdf

Matching this q.%dEbdt-EZ.at:b t  ¥ '
.ci .  

'Ead
up

with :

we see z  =
21104T - I

x
=SIX ,

t x
,

I

y
- - ilx.si .

- I xD

and we can calculate

Ift y
'

t ZZ = . . .
 = I

The vector states are precisely the

extremal states
.



How does the update rule work for vector states?

Say E is an event
,

with eigen spaces

H -

- Ho ① H
. .

Say g -

- G. t §
, .

If we observe E
,

the updated state is

476) : =
9sA⇒

Cle IE)

=L Ea ES
,

D
-

LES
.

57

= LEf )

HESH
'

Katie's
.FI#s=Cfezla)

.

HESH

The vector
'

collapses
' into the relevant

eigenspace .



Appendix : Direct derivation of the space of states for Me .




