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a generalisation of

When a is a finite
group,

finite groups

RepG is a category,

with

* objects : finite dmil representations ( V
, p

: G → EndND

* morphisms : G - linear maps

* ① - products : Prowlg)frow) : =p ! g) f) ⑦ p .wfgXw)

* duals : Partg) (d) Cv) : = ftp.u-fg-IGD

* a finite set of representations Vi so Hom # → = {
£ ' t i

O otherwise

and every representation can be decomposed as

a direct sum of these
.
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Alternative notions :

animatedas certain
- modular tensor categories

types of tensor categories
- planar algebras
- X - lattices

- vertex operatoralgebras

A fusion category is a
- - - -

- .

-
-

.

finitely semisimple, rigid monoidal
category .

some features of RepG are missing here :

• We don't require V①W⇐W①V
.

• We don't require V * *
Ev

.

• We don't require a forgetful functor to Vec
.



 

a generalisation of

finite groups

ThedigneI
A symmetric fusion category is Rep G

for some finite (super) group .

Symmetric here means we have VOW ⇐ W⑦V
,

and these isos give an action of the symmetric group .

"

Fusion categories are noncommutative finite
groups

"
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An Cnet) - dimensional topological field theory is a functor

{ n -

manifolds } - { vector spaces }

o or
KH) - d cobordism s

O

{ ↳ } - { linear maps }

A local TFT can be computed
"

by gluing
"

.

the algebraic data and associateshigher algebraic data

classifying
to lower dimensional manifolds

.

a topological field theory



 

Lurie 's proof of the Cobordism hypothesis :

A local Hd TFT is determined by its value

On a point,

and this value may
be

any fullydaalizabe n - category

Douglas - Schommer - Pries - Snyder :

The fully dual iz able 2-categories are the (multi - ) fusion categories

and hence :

the algebraic data

classifying
local 2+1 - d TFTS are classified

a topological field theory
by fusion categories
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What's out there ?

↳ finite groups :

• Rep G

. Vec a

• Vec - a
.

we His la ; IT )

•

"

a - extensions
"

:

E- tog Eg ,

eeafusion category

Cg a ee - Ee - bimodal -e category

a - extension of e are classified IE NOT

by homo topical yoga : BG→ B Br Pide )



 

What's out there ?

↳ finite groups

↳ quantum groups at roots of unity
For

of a ex semisimple Lie algebra
,

Ugg is the quantized universal enveloping algebra,

and RepVeg is a braided tensor category .

When q is a root of unity
,

Rep Ugg has a

natural semisimple quotient . which is a Lisegory .



 

What's out there ?

↳ finite groups

↳ quantum groups at roots of unity

↳ Izumi 's quadratic categories
- ④ - categories with a group

a of invertible objects.

and one other ' orbit '

- for each group
and transitive action,

there is a discrete variety

parametricing examples

- overall classification still hard i it look like there's

at least one infinite family



 

What's out there ?

↳ finite groups

↳ quantum groups at roots of unity

↳ Izumi 's quadratic categories

↳ the ' extended Haagerup
'

fusion category
( more on this in a moment !)



 

What's out there ?

↳ finite groups

↳ quantum groups at roots of unity

↳ Izumi 's quadratic categories

↳ the ' extended Haagerup
'

fusion category

-

and not much else ! ?



 

Extended Haagerap is a strange object!

- First discovered as a pair of Morita - equivalent Lesion categories

- EZE has 6 simple objects

•Fear;÷:÷÷.

- It is generated as a ④ - category by two morphisms

e.
a ,

and ¥1, E Hom If ' "
•

→ 1)



 

- satisfying
'

jellyfish
. relations

① = + + Esi
diagrams built
out of 4

#
'

To prove EH± exists we :

② -450+05-4 = IT -

• show these relations suffice

to evaluate all dosed

③ =
- Q -

t

. anddiagrams.ms, representation.

④ H - I = a f) I - un)
of the quotient.

arXiv : 0909.4099



 

Wed really like to understand this example ?

• is it truly exotic ?

•
'obstructions. ?

• can we find easier constructions ?

• then find more like it ? Cat present we don't even have candidates)

Recent work on EH focusses on its

• Drinfdd centre ( if e is a spherical fusion category ,

Zte ) is a mo¥¥go±y )

• Brauer - Picard
group

oid I the collection of all Morita equivalent

fusion categories,

and the

equivalences)



 

arXiv : 1404.3955
Drinfddcentre arXiv : 1606.07165

• Z let = EC x. B) I xee
,
By :X -04 Ester }

• Most of the TFT invariants are determined by 2- (e) .

• With Terry

Gannon
and Kevin Walker

,
we've pinned down

the modutardata for ZCE H ) .

- lots of combinatorics, Galois theory ,

and Stl2,74Nz ) rep theory !

- constrains possible CFT realisation of HER )

- tant aliasing hints of a connection to ¥4 !



 

B greupoid ( e÷÷
.

D ft He ) E- ZEDD

• At most four fusion rings
for categories

Morita equivalent to EJE
.

Ccombinatorics)

• At most one category for each ring ,

and no Morita auto - equivalences
.

(uniqueness of the EH
,

- EK
bimodale)

• Then construct everything remaining
:

EH .
→ EN

,

I I

k generalisation of the

original construction ,

using a beautiful skein
EH

, ENA theory for the

2- category Eked
arXiv :

. . .

next week ? Grossman
,
M

, Penney s , Peters , Snyder .



 

Our method generates the

graph planar algebra embedding theorem

(and unifies distinct perspectives of it from the subfactor
and ④ - category literatures )

Given a graph
T Gg.

. - oo-a.to
.

) and a
'

weight
'

d : Vfr ) → E
,

there is an associated multi fusion categoryGCT
)

.

- The original construction of E)& ,
built a faithful map into such a category .

- Its long been known that every fusion category C admits such an

embedding for T one of the
'

principalgraphs' for C
.



 

- We extend this to mullahs
, on categories, and turn it into

a classification :

{ embeddings e → GCTB # { module categories for
C with principal graph r }

( as well as pivotal /unitary versions )
- we build this from scratch

,
so it's accessible with soaking first in the

sub factor literature
,

- finally ,

even this is too hard for e -

- ER
.

or ER
,

but the beautiful skein theory of the multifusion category

E Hr allows us to construct EH
,
and EH

,

as modules over it !



 

• What next ?

- sadly,
EH

,
and Eko

,
did not reveal connections

with other fusion categories

(previously ,

apparently exotic examples have been

' explained by their BP group
aid )

- what's
going

on
with fate?

- grafting? twisted equivariant sati on ?

- continue the search for more examples ?


