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§1. Introduction

In the theory of subfactors, the principal graph and more generally the para-
group of an inclusion has become the most important invariant also for index
[M : N] > 4. Unfortunately, for many concretely constructed subfactors, direct
computation of its principal graph is practically impossible. The purpose of this
paper is to present a set of — mostly combinatorial — rules, that limits the
number of possibilities for principal graphs substantially. Here we will consider
only the index range 4 < [M : N] < 3 + v/2, but with minor modifications of
the techniques presented here, Theorem 1.1 below can be extended to the range
4 < [M : N] < 3+ /3 (See Section 7: Announcement of further results). The
main result of this paper is:

Theorem 1.1. Let N © M be an irreducible inclusion of I} -factors with index
in the interval 4 < [M : N] < 3+ V2, and let M C M, = (M, ey) be the inclusion
obtained by Jones’ basi¢ construction. Then the pair (T, I") of principal graphs
for the inclusions N C M and M C M, is either

T=T'= A,

n = 3 (mod 4)

e
n =3 (mod 4)



where n denotes the distance from the =-point to the first branch point., The pair
in case (2) should be considered as an unordered pair, i.e. either (I T') = (I',,, 1)
or (I, 1"} = (T,,T%,) for some n = 3 {mod 4}. An elementary computation shows

that T = JIT3)* = ﬁ'%ﬁ Hence we have
Corollary 1.2. If an irreducible inclusion N ¢ M has index In the interval

4<(M:N]<~5—i;—@

then I' = I = A_,. In particular, the inclusion is non-amenable in the sense of
Popa [P2].

We expect that all the above graphs 'y, and T, n = 3 (mod 4) can be realized
as principal graphs of subfactors of the hyperfinite Il; -factor R, but so far we have
only been able to construct subfactors of B with principal graphs T's and T'§. (cf.
Section 7).

Theorern 1.1 shows that the examples of subfactors of R constructed by Schou
and the author in [3] based on the “3-stars” T(2,2,n}, n > 3 and 7(3,3,n),n > 4
7 # 3 {mod 4) all have infinite depth with principal graph A4, and the same holds
for Ocneanu’s subfactor based on the graph .

1t is easy to check that {T' (12 = [|T,]1* for all n. Numerically,

N0 |12 ~ 4.30278
(07012 ~ 4.37720
T3 |1 & 4.38271

and

lim IITR I = 4.33208.

The upper bound for the index range considered in Theorem 1.1 is 3 4 v2 =
4.41421.
The rest of this paper is divided in 6 sections:
. Principal graphs and Hilbert bimodules.
Ocueanu’s biunitary condition and the triple point obstruction.
. Limiting the possibilities for one of the principal graphs I’ and TV,
Reconstructing IV from T
. Excluding n = 1 (mod 4).
. Announcement of further results.
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§2. Principal graphs and Hilbert bimodules
Let N ¢ M be an inclusion of I, -factors of finite index, and let

NCcMcMCMC---




be the associated Jones tower. Following [GHJ] the principal graph I' of the
inclusion N C M is the principal part of the Bratteli diagram for the tower

CCN'NMcNNM: C--

and similarly the principal graph I’ of the inclusion M C M is the principal part
of the Brattell diagram for the tower

CCMnMcMOMC--.

We let * (resp. #') denote the vertex in I' (resp. I") corresponding to the C-
component. I" and I are bipartite graphs
I'=Teven U Fuddy = P:zven u F::dé

where [ovey (resp. Ioaq ) 1s the set of vertices in ' of even (resp. odd) distance to
the +-vertex, and I, ., T\ 44 are defined in the same way.

Following Ocneanu's picture [O1], the four sets Toven, Lodd, Davey 20d Thyy can
be identified with sets of Hilbert bimodules: To the inclusion N € M 1s associated
the N-M Hilbert bimodule

o= NI} M)n
given by

afe,b)z = azb, e€ N, beEM, =zeL*(M)

We let & be the contragredient A{-N Hilbert bimodule
ala,b)z = axb, a€ M, bEN, =zeL*(M).

Moreover £ (resp. £ar) denote the trivial N-N bimodule L*(N) (resp. the trivial
M-M bimodule L?(M). For two Hilbert bimodules & and g:

G'ZPHQ; ﬂ=QI\,R1 PaQsRE{MsN}s

~we let off denote the P-R-Hilbert bimodule o ®¢ #. With this notation we may
vrite

Feven = set of irreducible N-N bimodules occuring in the decompositions
of &y, aa, (@), -

Foaa = Set of irreducible N-M bimodules occuring in the decompositions
of o, e, afaw)?, . .-

Diven = set of irreducible M-M bimodules occuring in the decompositions
of Ea, G, (&0)21 T
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ag = set of irreducible M-V bimodules occuring in the decompositions
of &, aaa, alaa), -

with these identifications, » = £y and #' = &£y, For two P-Q Hilbert bimodules
¥, 6 {P,Q € {M,N}) welet (7,8 devote the dimension of the space of intertwiners
for v and §. With this notation, the adjacency matrix Ar for I" can be written in

the following way
Ve
Ar = (G‘ 0 )

where G Is the “Tiyen X Togq -matrix” given by
Goys = {ye, 8} = (v, da), 7€ Levens 6 € Taga.

(The last equality follows from Frobenius reciproeity, cf. {Su, p.245, Propasition 6]).

The adjacency matrix
6 &
Ape = ((Gi‘)i 0 )

G"r'ﬁ’ ={¥a,8) = {y.,8a}, 7 € Tovens &' € Tpga-

is given similarly:

The following three observations are probably well known:

Propaosition 2.1. Foreveryn e N,

dim(N' N Ma_y) = dim{ M’ 1 M,).

Proof. Forn odd, n = 2k + 1, the statement is equivalent to that the dimension
of the space of selfintertwiners for af{&a)* is the same as the dimension of selfinter-
twiners of &(@&)*, but this is clear, since a(aa)* and &(aa)* are contragredient
Bilbert bimodules. {Actually in this case N'NAM,_; and M'NM,, are isomorphic).

For n : even, n = 2k; we shall prove that the dimension of the space of self-
intertwiners of (@), is the same as the dimension of the space of selfintertwiners
for (o), ie.

((a@)*, (ea)') = {(ae)", (ac)").
However, this follows from Frobenius’ reciprocity, because

(@), (aa)) = {(¢a)* o, (cd)*a)
= {a{aa)* !, a(@a))
= {(@a)*, (aa)). @




Proposition 2.2.
1) The contragredience map v — % on Teven is a permutation » of order 2, and

distp(*, v) = distp(*, ), V¥ € Deven.
2) The contragredience map v — % on I, Is a permutation ' of order 2, and
distrs (=, 71) = distrr(*',’-y'), V' € Peven

3) The coniragredience map v — 7 is a bijection of I'oaq onto T’ 4, and

distp(x,v) = distpe(#",4), ¥y € Loaa

Proof. .
1} Clearly 7 = 1. Moreover for 7 € Teven

distr(*,v) = min{2k | ((a@)*, ) # 0}
min{2k | {(ea&)*, ) # 0}
distr{=, ¥).

2) Same as 1).
3) It is clear that + — 7 is a bijection of T'yaq onte I'44. For ¥ € Toda,

distr(*,7) = min{2k +1 | {(a&@)*, v} £ 0}
=min{2k+1 | {&(ea)*,7) #0)
= distp(*', ‘MY) = |

. Proposition 2.3, If we identify ['oqq and T , according to the contragredient
map 7 — 7, then

1) 7G(G) = G(G")r
2) G'nG = (G)'r'G'

where 7 and 7' are now considered as permutation matrices.

Proof. Let Z{Teven), Z( Toaa), I(Dhven)s L(I44) be the set of formal linear com-
binations over 7 of the given sets. Let LQ, and Ly (resp. R, and R;) be left
multiplication with a and & (resp. right multiplication with « and @), whenever
it is defined. Then we have the following commuting diagram of Z-linear maps:

|#

Z(T)4a) I(M,,) =5 ()
LGT Lo Ly
Z(Peven) 3 Z(Fodd) _R’"'”’ Z( Peven)-
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If we consider the given Z modules as spaces of row vectors, then the T maps can
be considered as multiplication from right by Z-matrices. The corresponding 7
matrices are
¢y G

IToaa) = Ileven) — I(Tgaa)

fa (Gt e

Z(reven) ”'E‘* Z(rodd} '_é‘”’ Z(Fteven )
under the identification Z(T7.;) = £(Toad) given by the contragredience map.
Hence

rG(GY = GG and (G')Y'2'G = G'nG. &

£3. Ocneann’s biunitary condition and the triple point obstruction

Throughout this section N C M is an irreducible inclusion of X;-factors of
finite index, and I’ and I denote the principal graphs of the inclusions ¥ ¢ M and
M < M as in section 2, For any P-Q-Hilbert bimodule v = pHg, P,Q € {M,N}
we Jet £(y) denote the square root of the index of the corresponding inclusion
L. (P) C Ry(Q). Here L, (resp. Ry} denotes the left action of P on H (resp.
right action of ¢ on H). Since ¥ C M is rreducible, it 1s extremal in the sense
of Popa [P1]. Therefore the restrictions & (resp. &) of £ to T (resp. ') is an
eigenvector for the adjacency matrix Ap {resp. Al) with eigenvalue [M : Nj1/?
ie.

Apép = [M : N}1/2Er’ Apebpr = [.M' . N}]‘/er.’
From the definition of € we have imimediately

Proposition 3.1.

1) &p(x) =gp () =1

?,} For all T E che]l; ‘EF{:]_') = &I‘('T)

3) Forall v € Thyen.  &(7) = &p(v)
4) Forall v € Toqa.  &p (%) = &r(7).

The following observation is well known and very useful:

Proposition 3.2. (The 2 cos(n/n}-rule)

1) Forally e T, ép(y) € {2cos Z,n 2 3} U |2, 00l

2} Let Iy be a finite graph. I Ty is the principal graph for some irreducible
subfactor, and If & is the unique Perron-Frobenius eigenvector for Ay, on Iy, for
which

min =1,
i £i(7)




then for all v € Ty, &1(7) € {2¢cos £,n > 3} U [2, 00|

Proof.
1) It follows immediately from Jones’ fundamental result [J], that

€ = [Ry(Q): Ly(P)* € {4cos’ =, n 2 8} U 4,

for any P-Q-Hilbert bimodule v of finite index.
2) From 1) we get

min{¢r, (v),7 € T} =, (+) = 1.

Hence 2) follows by uniqueness of the Perron-Frobenius eigenvector of Ar, up to
multiplication with positive real numbers, and the fact that T2 = [M : Nl in
the finite depth case. = ©

We state next Ocneanu’s biunitary condition. It suffices for our applications
to consider only graphs with simple edges:

Proposition 3.3. {Ocneanu’s biunitary condition) Assume that both I' and TV
have only simple edges. Let

0 G ] G’
AI‘—(Gt 0)> AT’—((GI)i 0)

and let = and =’ be the contragredience maps on Teven and I'l,, respectively as
in section 2, Set

H=(G"Y, K=xG, L=(G)
Then G, H, K, L are {0, 1}-matrices, and
GL=KH and G'K =LH?

Moreover there exist (possibly infinite) unitary matrices u, v of the form

® = @u{i'k), (z,k) € Toven X I (GL); > 0,

even

v e @udd (5,0 € Toaa X Thqa,  (G'E)ji > 0,

such that

a) Fach direct summand «*) is a finite unitary matrix with (GL)ix = (KH)y
rows and columns '

b) Each direct summand v'**) is a finite unitary matrix with {(G'K); = (LH");
rows and columns

¢)

EEE) i

Gy
vi.k = o u

16 U



whenever (T, _7'., k, I) c Feven X I‘Odd X P::veu X I"Odd and

Gii >0, Hp>0, Nu>0, Ljp>0.

Proof. This follows from Ocneanu’s {mostly unpublished) work on commuting
squares and connections (ef. [O1], {02]). For convenience of the reader, we sketch
a proof based on |3, pp. 2-11]. Note that the equalities GL = K H and G'K = LH?
were proved in proposition 2.3.

Assumte first that N C M has finite depth. Then the double tower of com-
muting squares

C ¢ MaM ¢ MnM C MnM C
U U U
C C MinM, C M{nM; ¢

eventuaily becomes periodic with period 2 {(in the sense of Wenzl {W]), and for
large n the commuting square

("

Mn Moz C MO Mypaa
‘R'G U U (W'G')i
MinMypr  C 0 MinMaggs
G

have the inclusion matrices indicated on the figure. It is clear that the horizontal
inclusion matrices are & and (G')*, and to prove that the vertical inclusion matrices
are as indicated on the figure, one uses that the contragredience map 7 of Teven
(resp. w' of T'f,.,) corresponds to the permutations of the full matrix blocks of
M{ N M,y (resp. MY 0 Msgqe) induced by the conjugate linear involution J :
a -+ a*in L3(M, ;1) Hence in this case prop. 3.3 is exactly the condition given in
{8, Thm. 1.1.10} for the existence of a commuting square of multimatrix algebras
with given inclusion matrices.

Consider next the case, where N ¢ M has infinite depth. Then for every
n € N, the commuting square
MnMy,_1 0 MnNAM,,
U U
M{NMy_y C M N My,

is canonically isornorphic to the commuting square obtained by reducing

M'NMMaan © MO Maase
U U
M{ O M?n-{-l C M{ i M2n+2




with the Jones’ projection es,4q. Thus by forming the inductive limit with respect
to the imbeddings
T = €2n41F €2n41, nwl,z,...,

we obtain a commuting square of “generalized multimatrix algebras” (infinite di-
rect sums of type Io-factors)

@y
By Lo B,
w@ U U (#'G"
Ag C Ay
G

with inclusion matrices as indicated on the figure, and the proof of [$, Thm. 1.1.10]
can easily be modified to generalized multimatrix algebras. E

It was discovered first by Ocneanu, and later (independently) by a number of
other people, that in many concrete examples, the existence of a triple point in
a given bipartite graph I’ = [eyen U Todq 18 an obstruction to build a commuting
square of multi-matrix algebras of the form

ot
By, C B
Gu UGt
An C Al
G

where G is the Tevey X [oga part of the adjacency matrix for I'. In prop. 3.5 we
state and prove the “triple point obstruction” in the form needed in the following
sections. The presentation here is based on [S]. First we need a lemma:

Lemma 3.4. Ifu is a unitary 3 X 3 matrix and a;, as, a3 are strictly positive real
numbers such that

lui;|* = aiaj, i# 7,
then a; +a; + a3 < 2.
Proof. (cf. [S, p.30]). Set é; = |uy| = 0, ¢ = 1,2,3. Since the rows in u have
.square norm equal to 1,
612 =1~ aiay — aiag
5% =1~ 4)dp — azda

65 = 1 —gyag — da03

ince uyyfp; + Urelisg + t1afiag = 0, the absclute values of these three terms:

Siveraz bpy/omiaz  asaian
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are the lengths of the 3 edges in a {possible degenerate) triangle in the complex
plane. Hence
{6y — &) Sa <6+

Squaring this equation yields
]a% - 5? - 8%] < 28,6,
and by squaring once more, we have
a3 - 205(8] + &) + (8] - 83)” <0

Inserting now the expressions for 6% and 52 in terms of a4, az and a3 and reducing,
one gets
a%((al +ag +a3)f —4) 0.

Hence ay + ag +as < 2. L]

Recall, that an n-cycle in a graph Ty is a set of n distinct vertices vy,...,7n €
T’y connected by n edges in the cyclic order:

LRkt PR N AR

Note that in a bipartite graph, all cycles have even length. The matrices G, ', 7
and ' in the next proposition are defined as in prop. 2.2 and 2.3.

Proposition 3.5. (The triple point obstruction) Let N C M be an irreducible
inclusion of I -factors with ¢ < [ : N} < co. Assume that the principal graphs
Pand T for N C M and M C M, have only simple edges and no 4-cycles. If
Waven! = Mhyenl, and if for some identification of Teven and Tyyen,

G=aG=G=7¢

then I' and I have no triple points (i.e. have no vertices of valency 3)

Proof.  As in section 2 we identify Togs and I'yg by the contragredience map.
Hence the condition G = G' means that we altogether have identified " and I as
graphs. By prop. 3.1 the {-function respects the identification Ioaq and I 4. The
fact that £r and £pv are eigenvectors for Ay and Aps respectively with eigenvalue
[M : N2, then implies that the ¢-function also respects the identification of
Feven and TL,,,. Note that #G = ¢ and #'G' = &' implies, that we can neglecs
7 and 7', when we apply the biunitary condition (prop. 3.3). Assume now that I’
has a triple point v € Ieven, and let w, v be as in prop. 3.3. The direct summand
ut") of 4 is a 3 x 3 matrices with entries

Wl =123

M




1

where §y,82,83 € I'oqa = [y, are the three neighbour points. Since I has no
4-cycles, the only way to pass from §; to &; in two steps, when ¢ 3 j, is through
~. Therefore the 6 v-summands

W% i =1,2,3, i#]
are just 1 x 1 unitary matrices so by c) in prop. 3.3

(77

u(5.‘,5,‘) = Jaidj, i :l“E j1
where a; = £(8;)/6(~). Since £ is an eigenvector for Ap with eigenvalue [M : N]M/2,
3
D &) =M : N]'P¢(v)
i=1

and so a; + az + ag = [M : NI*/? > 2, which contradicts lemma 3.4, If a triple
point 7 is in Tgg4, we can apply the same proof with u and v interchanged. &

The following special case of the triple point obstruction appears to be well
known:

Corollary 3.6.
1) FT = Ay, then T’ = A,
2) If T'=Dy, thenT' = Dy, and [M : N| = 4.

Proof.

1) Recall that ||T)|? = ||IT'}|2 < [M : N}, (cf. {P2]). Clearly I' is infinite if and only
if T is infinite, and the only infinite graphs of norm 2 are deg, Do and Agg o0, but
the last one is excluded since N ¢ M (and hence also M ¢ M) is assumed to be
irreducible. Therefore

T=Ayw or Do impliesthat TV= A, or De.

By irreducibility the =-point is located at a vertex of valence 1, i.e. with the labeling
of vertices

Aw? o o & o
o o o1} o3
Bo

Des : B 2 P
Yo

we have * = g in Ag,, and we can assume that + = By in Doo. Setting X = [M :
NJM2 there is in both cases a unique solution to Apf = Xe satisfying &(x) = L.
For 4., we get

f(aﬂ) = 1: €(al) = A: E(C‘Q) = ’\2 - ?‘1 6(03) = )‘3 - 2}\:
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and for D, we get

EBoy =€) =1, &B)=X £B)=N =2 E£f)=2 -3\

Agssume (T, 1"} = [Aq, Do) or { Do, Awe). Then @z = f5, because the contragre-
dience map Toga — [ 4y preserves the distance to the x-points in T' and I (cf.
prop. 2.3). However ff; cannot be contragradient to e, because £(fa) # (ws).
Hence

T=T"=A4, or I'=I"=D,.

In both cases (M : N] = |D||* = 4.

2} Assume now that I' = I = D. Since the vertices in {Dy)oda are uniquely
determined by their distance to *, the contragredience map [pag — T,y is the
identity on {Dau)odd. Moreover by prop. 2.2 (1) the contragredience map = on
(Do Jeven is trivial, except for a possible permutation of the two vertices fz and
7o of distance 2 to the =-point. But since (2] # £{vp) it follows that 7 is trivial.
The same argument applies to 7', so by the triple point obstruction (prop. 3.3) we
get [M : N) = 4. |

§4. Limiting the possibilities for one of the principal graphs I' and T"
Let {I', #) be the principal graph of an irreducible inclusion of T;-factors of
finite index. We set

(T, *) = min{dist(x,v) | v € I, valency({vy) > £}.

In particular, if ' = A, n 2 2 or T = Ay, then n(T, *} = +oco.

Lemma 4.1. Let N C M be an irreducible inclusion of 1) -factors of finite index,
and let T and T' be the principal graphs of N C M and M C My respectively.

1} Then n(T,*) = n(I", +").

2) In case T and T have only simple edges, and n = n(T, #) = n(T",+'} < 00, then
the branch points v and v’ of distance n to * and *' have the same valency.

Proof. Set n = min{(T,*),n(I",#")}. If n = +oo, there is nothing to prove, so
we can assume that n < oo, By symmetry, we may further assume that

n=n{T,*) £ n(T', ).

In particular T is not of type A. Let N° C M° be an inclusion of ©I;-factors with
pricipal graph A (for instance, the Jones’ subfactor of index 4). Then the first
n steps of the Bratieli diagrams

CCNNMcCNMNMC...
and

CC(NYNM C(N°YnM{C---
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are isomorphic, while the (n + 1)'th step has more edges in the first row than in
the second row. Hence

dim(N' N Myy) = dim((N°Y O MZ_), k=1,...,n
where

dim(N' N M,) > dim((N°) nM}).
Hence by proposition 2.1,

dim(M' N M) = dim{(N°Y nM_,), k=1,...,n
dim(M' N My41) > dim{(N°Y N MP_,), k=1,...,n.
Thus the n’th point in the principal graph of M C M| connected from the *-point

is also a branch point.
2) Let v(+) and v(vy') denote the valencies of v and . Then

v(y) ~ 2 = dim(N' 1 M,) — dim({N°)' n M)
= dim(M' N Mpz1) — dim((N°) n ;)
=v(7)~2

4]
The following Lemma is our main key to reduce the number of possibilities for the
pair of principal graphs (T, I").

Lemma 4.2. Let N C M be an irreducible inclusion of Il; -factors of finite index,
and let T and TV be the principal graphs of N ¢ M and N C M, respectively.
Assume

a) (M :N]>4.

b) T and I' are not isomorphic to Ag.

c) T and I'' have only simple edges.

d) I and I have no 4-cycles.

€) The branch point y € T" (resp. ' € I'') of smallest distance
to * (resp. *’) is a triple point.

- Then either v or 7' have a neighbouring branch point, i.e. vy or ' is connected to
a vertex of valency greater or equal to 3.

Proof. Assume a), b), ¢), d) and &), but that neighter v or 7' have a neighbouring
branch point. With the notation of lemma 4.1, set

n =n(T,#) = n(T,+).
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Then b) irnplies that n < oo, and by ) I' and TV contain exactly 2 vertices of
distance n 4 1 from their respective spoints, By e) these altogether 4 vertices
have valency less or equal to 2. We first treat the case, where all 4 vertices have
valency 2. In the proof below we also assume n > 2, but with trivial modifications,
the proof also covers the case n = 1. Thus we will first assume that I and T have
the forms

oo y G2

and

for same n > 2. Note that d) implies that f; # 12 and G # ).

Case n even:
By the identification Toaa = I',4, we have

r

Wp—1 = Ay

because the contragredience map preserves distance to the respective #-points.
Also after possibly relabeling the two “rays” from a),, we can assume

B=p and m =1

Moreover, since the contragredience maps 7 and «' on Iy, and T, Dreserve
distance to the respective *-points #(a,_2) = Gp_p, ¥ (af_;) = o} _,. Moreover
7 leaves the set {fq,y2} invariant and 7" leaves the set {55, 4} invariant. Since
the matrix element (G'nG)g, 5, is equal to the number of elements & € Ceven, for
which both é§ and #(8) is connected to fi, we get:

i _ 2 i w{By) = fFr and w(n) = 7o
(G'nlig g = {1 i 1(B) = 72 and 7{yy) = B

The corresponding formula for {(G'}'#'G" together with the equality G« G =

)
%N
(G")'a'G' (cf. prop. 2.3) now shows thai only the following two cases can occur:

(i} B2 and v, are fixed by w, and 3] and -} are fixed by ='.

{31) = interchanges fy and -2, and @ interchanges % and .
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Since &ér and &rs are eigenvectors for Ap and Ape respectively with eigenvalue
A =[M: N]*?, we have

Elan) = T {E(an1) + E(Br) + &(m)) = Elal,)

Seof =

In case (i), we can repeat the proof of the triple point obstruction (prop. 3.5)
almost word by word, and obtain a contradiction to the condition [M : N| > 4.
In case {ii) we get

£(82) = (), €(B3) = €(72)

from prop. 3.1. Hence by the eigenvector equations

(&len) + E(72)) = E(m1)

S| b

&p) = ( (an) +£(B2)) =

and similarly £(5;) = &(v; ). Now let u,v be the two unitaries in the biunitary con-
dition (prop. 3.3). The 3 x 3 block of the matrix G*'zG = (G')'x'G’ corresponding
to rows and columns labelled by {an-1,81, 71} is

211
1 1 2
1 21

Let (u,v) be the pair of unitaries in prop. 3.3. Then v(¥#) is a 1 x 1 unitary matrix,
whenever (4, 7) € {an—1,51,71}* corresponds to one of the 6 positions with 1’s in
the above 3 x 3 matrix. Hence by condition ¢) in prop. 3.3, the absolute values of
the corresponding 6 entries of the 3 % 3 unitary matrix 1% @) are:

(cr ) ' aido 4 JSd1dae
(l niln I) o a ) ,
i Va1az . az

fonn) _ &) _ g , :
TR and a = oy = Eao) After permuting the last twoe rows,

we get a 3 x 3 unitary matrix with absolute value of the off diagonal elements
equal to | /G;a;, where oz = az. Hence by lemma 3.4, a; + 2a2 < 2. However

. where a; =

Eloni) +E8(B) +&(m)
f(an)

=[M:NY2>2

) + 2ag =

[}:y the eigenvector equation for £, Therefore we can also exclude case ().

Case n odd:
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By the identification I'oqq = [, 44 We have
! r
Qpon =0 _, and o, =a.

Moreover, we can assume that §; = f) and v, = 3. Hence

E(anr) = 3 (Eans) + E(an)) = E(dy)

and similarly £(F1) = £(81) and &(m1) = £(+]). Moreover 7 leaves the set {f1, 71}
invariant, and =' leaves the set {#{,v } invariant. Using the equality

(rG(G"))p . = (G(GV' 7 )g,
1t follows that only the following two cases can occur.

(ii1) F1 and v, are fixed by m and #} and y; are fixed by @'
1 1
(iv) 7 interchanges £ and v and «' intercanges 3] and ~f.

The proofs of impossibility of (iii) and (iv) are now completly paralle] to the proofs
of immpossibility of (i} and (ii} in the case n even (with v and v interchanged).

Finally we treat the case, where at least one of the four vertices £y, 11, 81,7
has valency 1. Without loss of generality we may assume v($) = 1. Thenv(m) =
2, because v{71) = 1 would imply that I' = D3, contradicting that [M : N} > 4.
Thus T has the form

Case n even: .
As for v(f1) = 2, we can assume £ = §], 1 =71, and moreover {{a),) = £{an).
By the eigenvector equation Aplr = Aép,

A(B1) = M(Br) = Alom) = E(ay,).

This shows that »(5]) = 1 (valency in I'), because if v(5]) = 2, then the eigen-
vector equation Apifpr = £pv would imply

AE(By) = Elod) + £C) > Eel)
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AK‘”

where is the second vertex connected to ;. Since I 3 D43 it has the form.

2

Clearly n(y2) = 72 and ='(v}) = v, because 7 and ' preserves distance to the
+.points. Thus the proof of the triple point obstruction (prop. 3.5) can again be
used to give a contradiction.

Case n odd:

Since the contragredience map I'paq — I, preserves distance to the =-points, I
has only one vertex ) = 77 of distance n + 2 to #'. Therefore we can label the
two vertices of distance n + 1 to ' by 8 and 4} in such a way that I takes the
form show in the above figure. The contragredience map gives the identifications
op = af, and v, = 7. Therefore

§(8Y) = 3E(o) = 6len) = €(61)

and

§m) = (60 + €01)) = 3 (€lam) + €)= Em).

It also follows that £{81) < €(v1) and €(5;) < &(v1). Therefore m (resp. =') cannot
intertwine 8, and v (resp. ] and 7 ), and the proof of the triple point obstruction
(prop. 3.5) can again be used to give a contradiction. ]

Lemma 4.3. Let N C M be an irreducible inclusion of Il -factors with index in
the interval 4 < [M : N)] < 8 4 /2, and principal graph T". Then

1) T has only simple edges.

2) T has no ¢-cycles or 6-cycles.

3) Every v € I has valency v(y) less or equal to 3.

. Proof. Since |T§® < [M : N] with equality, when T' is finite, then either 4 <
PI% < 3+ V2, or T is an infinite graph satisfying [|D|| = 2, i.e. T = Ap, Deo oF
Acc,00. By irreducibility " # Ao 00 and by corolloary 3.6, I # D Clearly A
satisfles 1}, 2) and 3) above. Hence we may assume that

4 < |IT)% < 34 V2.

1) Clearly the multiplicity of an edge is at most ||T|[, so only multiplicity 1 and
2 can ocour. Since the graph 0==0 has {norm)’ = 4, and I is connected. T
most contain the graph  O—0=0 which has (ncrm)2 = 5, contradicting, that
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ITY? < 3+ v2 < 5.
2) Since the graphs

& <=0

have (norm)® equal to 4 and i"’—.}z/—i—i (> 3 4 /2), 4-cycles are excluded, and since

the graphs
Q " d O__Q

have (norm)® equal to 4 and 3 + /2, also 6-cycles are excluded.
3) Clearly the valency of every vertex is less or equal to [T}, so v(7) € {1,2,3,4}
for every v € I'. Consider the five graphs

I : o Ti o , Ty [ ST T, S, | N I's: o—0—o0 0

Oi Ts: O\
Li! OOt —_— y 5 JO—G-—0
O

Then T2 = 4, T2 = £582, L = 3+ V3, Tl = 557, and JT5f? =
343 H T has a vertex 4 of valency v{y)} = 4 it must therefore contain a
connected extension of I'y in which no vertex have valence > 5, i.e. it must confain
Ty, However I'y itself canndt be a principal graph, because it viclates the “2cos Z-
rule” (prop. 3.2): To see this, let us label the vertices in the following way:

T4
o} ——Q7s
2 TS I

6

Then the unigue Perron-Frobenius eigenvector for Ar, normalized to have mini-
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mum value 1 is

E(m) =1, &(ya) = A £(v)=)" -1, and

€)= &) = &) = 2t

1/2
where A = (-5-'1'—%@) . However 1 < -)‘—}_i < /2, and since 2cos7 = 1 and

2cosf = /2 the graph violates the 2 cos Z_rule. Hence T must contain 2 connected
extension of 'y, i.e. it contains '3, I's or I's, because no vertex have valence > 5.
However

T3l = 3+ V2, i = 3,4,5,

which contradicts that ||T||? < 3 + /2. 2]

Proposition 4.4. Let N C M be an irreducible inclusion of I, -factors of index
4 < [M : N)<3+2, and let I' and IV be the principal graphs of the inclusions
N C M and M C M, respectively. Then one of the following three condition holds

1) I'=I"= Ae.
2) One of the graphs T'\T" is

for some n > 3.
3) One of the graphs T, TV is

R

: Proof.  Since {|T'|| = |||}, we get from the start of the proof of lemma 4.3 that
ither T = IV = A or

4 < ||IT)? = T2 < 3+ V2,

50 15 the rest of the proof we can assume that this double inequality holds.
- With the notation of lemma 4.1, let

n=n{l,*) =n(l',+")
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be the distance from # (tesp. «') to the nearest branch-point v € I {resp. o' € ).
By lemma 4.2 and lemma 4.3 either v or 7' is connected to another triple point,
s0 we may in the following assume that v & T has this property. Hence I' contains

the graph,

where one of the triple points is equal to . As this graph has (norm)? = 4, T must
contain a connected extension of this graph in which all vertices have valence < 3,

l.e. it contains

Gy o o —

This graph has [|G]|> & 4.21432, and it can be easily checked that the graph
violates the Zcos -;--mle. Hence T contains a further extension with no vertex of

valence > 4, i.e. it contains one of the three graphs

G2 o [ I oy Gas [ I -,G4:>——-—.—<

The latter case is excluded, because [[Gy|* = 3 + V2. If Gy is strictly contained

in I, then I’ must contain

Gr,fn o D O o

because no vertex have valence > 4, and I' does not contain Gy. However [|Gsi|® >

3+ /2 (To five decimals, ||Csl|? = 4.46050). Thus G3 C I implies I' = G;. The
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Perron-Frobenius vector of Ag,, normalized {0 have minimum value 1 is

A
)

Lanl ]
2
prd
A
D
A
D

where = -—‘/-5?2-'-!25 is the golden ratio, and

1
N = Gl = 50 + /P ).

Hence the #-point is located at the endpoint of one of the “legs” with 2 vertices,

i.e. we are in case 3). Finally, we have to consider the possible extensions T" of Gs.

From the above, I cannot contain a strict extension of G5 or G4, so it must have

one of the following three forms:

() PPt gmo—ta—y

m > 3 vertices

(b) F'=Fg: ... o o o s °
e —
m=0o0
{c) r: I w ‘ a
mz0
vertices

t € be solution to Ap{ = A, A = ||T'|| defined as the square root of the local

ces (cf. section 3). In all three cases (a), (b) and (c) we can label 5 of the
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vertices by v, 1 = 1,...,5 as follows:

5 T3

T [ I .
T4 T T

Set a = £(y). By solving the eigenvector equation, one gets

2 e
€)= ha, £(m) = & Elw) = ~2a and E(w) = —Za.

In case (b} and in case (¢) the #-point must be located at -5, 13 or s, because
the *-point has valence 1, and because either v, or 4 is the branchpoint closest
to *, Since A? — 1 > X, we have

£(vs) > €ln) = &(vs),

so the *-point is located at either v, or 3. Therefore a = (7)) = &{vs) =
which gives

€lvs) = —— X mg

However

A2
1< A< {3+ V2 implies 1< 3 < V2

so the 2cos Z-rule is violated. This excludes case (b) and (c), and it also shows
that in case (a) the #point must be at the end of the “leg” of length m. @

Remark 4.5. Already from prop. 4.4, we can conclude that if an irreducible in-
clusion of II;-factors has index in the interval

<[M:N]<Ei;)‘£—§

then I' = I' = A, because all the graphs in case 2) and 3) have (norm)® greater
or equal to j5(5 + \/T&T) Indeed the lowest value is case 2) is obtained for n = 3, k

and |IT3||2 = 1(54v/13). The (norm)” of the graph in case 3) is 3 (¢4 /¢* + 4) =
4.39026, where  is the golden ratio, and this number is bigger than (5 + V13}

£5. Reconstructing I from T

The following two combinatorial lemmas will allow us exclude some of th
graphs listed in proposition 4.4 and to reconséruct the principal graph T from th
principat graph T {or T from I") in the remaining cases.



v R RS D R

23

Lemma 5.1. Let I’ = Duyen U Toaq be a bipartite graph with adjacency matrix

0 @
Ap = (G‘ 0 ) .
Assurne that

(a) T is 2 connected graph with only simple edges
(b) All vertices in T have finite valency.

(c) T contains no 4-cycles or -cycles.

() [Toaal > 2.

For 7 € Teven, let B, C I'gyq denote the set of vertices connected to . Then:

1) The map, ¥ — E,, is a bijection from the set of vertices ¥ € Deven of valence
v(y) > 2 onto the set of subsets F of ['yqq, which are maximal with respect
to the condition

() (G*'GYs,5, >0 forall &;,6; € E.

2) X we for § € T, let v;(§) denote the number of neighbouring vertices to § of
valency 1, then for any § € T'yqq, the number

v(6) — i (8)

is equal to the number of maximal subsets £ of ' 44 with respect to condition
{*), for which § € E.

Proof. 1) Let v € Teven with v{y) > 2. Then |E,| = v(v) > 2 so we may choose
two distinct elements d;,8, € E,. Suppose there exists § € T'oaq\E+ such that
E = B, U {4} satisfies (). Since (' G)s,5 > 0 there is a path of length 2 from 4,
to & through an element v, € 'evey,, and similarly, there is a path of length 2 from
&, to 6 through an element 2 € [even. Thus we have the following situation:

&
T

T2
b2

where 8y, é2 and § are distinct elements of ['sqq. However, since ' has no 4-cycles
8-cycles, v, = 3 = =, which proves that § € E,. Hence E, is a maximal set
atisfying ().

Assume conversely that E C I'pqq s 2 maximal set satisfying (). Since I' is
connected and |Toqq] = 2, F has two distinct elements 8;,8,. Moreoves §; and &,
¢ connected by a path of length 2 through an element v € Peyen. H 6 € E is
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distinct from both & and &2, then again using that T has no 4-cycles or 6-cycles
4 € E,. Hence E, C E and so by maximality of E,, E = E.,. Moreover - is unique,
because E = E. = E,, for two district elements 41,2 € Ieven, would imply that
71 =8 — 7 — &y — vy is a 4-cycle in [ This proves 1).

2) Set

I‘g)en = {4 € Tevenlv(v) = 1}.

Let § € Tyga. By definition of v1{4), the number v(§} — v;{8) is equal to the
number of v € I‘e\,e,.\rg.)en connected to §, which again is equal to the number of
v € I‘even\rﬁiln for which § € E.,,. Hence 2) follows from 1}.

Lemma 5.2. I = Deven U Toaa and I = Ty, UT 4 are two bipartite graphs
with adjacency matrices

0 G 0 G
A[‘—(Gi 0) and Ar\r—((G,}t 0).
Assume that

(2) I and T' are connected graphs with only simple edges,
(b) T and T contain no 4-cycles or 6-cycles,

(c) All vertices in T and T have finite valency,

(d) Woaal = [Toqal = 2.

Assume further that for a given identification of T'ggq with T 44,
G'G = (GG

Then [Teven| = {[hyeq| and for some pesmutation matrix p,

G =pCG
i.e. T and I' are isomorphic as graphs with an isomorphism that respects the
identification of Togd with I'jy,.
Proof.
Set

T = {7 € Tevenlo() = 1},

(Chen)™ = {7 € Dhyenlv(y') = 1}

By lemea 5.1 (1) there is 2 unique bijection p of I"‘\I“gln onto I\ (l" &Ln) such:.
that

EP("I) = E-Y,’T € I‘even\rg\l’}en‘
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For § € [paa we let 8" denote the corresponding element in T ;. Then
v(&) = ((G')tG’)s,ﬁ, = (G'G)es = v(6).
Moreover, by lemma 5.1 {2}
V() — vy (8") = v(&) — v1 ().

Thus v1{6") = v1(8) for all § € T,44, i.e the two sets

{y €T |y connected (only)to &}
and
{7 € (The)P|7 connected (only) to &'}

have the same number of elements, when § and 6" are corresponding elements of
Toaq and I'l 4. Therefore we can extend p to a bijection {also called p} of Leven
onto I ., such that p for each § € I'gqq is a bijection of the first of the above 2
sets onto the other,

It is now easy to check, that p together with the identification § — & of I'oaq onto
I .4 defines a graph isomorphism of [ onto I''. In particular

G = pG,

‘when we consider p as a permutation matrix with rows labeled by T, and
‘columns labeled by Feven-

Remark 5.3. Condition b) in lemma 5.2 is essential. Consider

and @' =

O b D
- OO
=
[ B I
=]

OO =
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Lemma 5.4. Let N C M be an irreducible inclusion of Il -factors with index in
the interval 4 < [M : N} < 34+ /2. Then the principal graph (T, *) of N C M
cannot be one of the following graphs

1) _M@_&_I_l_a ,
\--._.._\/—-__/

n > 4, n even

» o I

Proof. 1) Let n = 2k. Then with respect to the labeling

an-l-'l . Cny2

: ||
I‘ e H é
Qp Qn Oqp3  Cpta
Teven = {ao, 02, -, @npa}, Uoda = {ay, 03, +, 0033}, and & is a matrix with

Tevent = £ + 3 rows and |Fpaq} = k& + 2 columns, eg. forn =4

1 0 0 0
1 1 0 0
G=10 1 1 1
0 0 0 1
0 0 0 1

Assume (I', *) is the principal graph of an irreducible inclusion of II;-factors. Let
G' 7 and ©' be defined as in section 2. Then by prop. 2.3

7G(G'Y= GG} 'r' and GG = (GYr'G.

Since the contragredience map 7 : I'even — Teven Dreserves distance to #, then |
either 7 is trivial or « intertwines the two vertices of distance n + 2 to %, and
leaves the rest of I'uven fixed. In both cases #G = . Hence :

GG = ¢*xG = (G')'G’
and
G(G'G) = G(GN'7'G' = 7G(G")'G = G(G")'G'
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G(G'G - (GY'G)y=0.
One checks easily, that in the present case ker(G) = 0. Therefore
G = (GG
Hence by lemma 4.3 and lemma 5.3.
G' = pG

for some 4 x 4 permutation matrix p, and by renumbering the vertices in I', .,
we may assume, that

& =a

so the principal graphs of T and I for ¥ C M and M C M, are identified. This
identification preserves »-points, since the #-point is necessarily at the end of the
“n-leg” by the proof of proposition 4.4. The argument for G = 7G applies now
also to show G' = #'G'. Hence

G=aG=G=r'¢,

. but this is not possible, because of the triple point obstruction (prop. 3.5).
2) Assume that the principal graph is

S I

It:is easily checlked that the two vertices of distance 4 to the *-point have distinct
erron-Frobenius weights. Hence by prop. 2.3 and prop. 3.1, 7 is trivial. Moreover
r{G) = 0 also in this case, so as above, we may identify the sets eyen and I,
ich that &' = G. This identification preserves the *-points, since the *-point is
¢ only vertex in Ceven (resp T'h,., ) of Jowest Perron-Frobenius weight. Hence the
of of 7 trivial also gives that ' is trivial, and the triple point obstruction can
ain be applied.

_:'position 5.5. Let N C M be an frreducible inclusion of II,-factors, with
dex in the interval 4 < [M : N] < 3+ /2. Then the unordered pair (I',T") of
rincipal graphs for the Inclusions N C M and M C M, is
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1) P=T"= A,

or

2) n > 3,n odd

Proef By prop. 4.4 and lemma 5.4 either I' = IV = A, or one of the principal

graphs ' TV is
¥ o—o—l——l—o
—

n >3, nodd

We need only to consider the latter case. It is no loss of generality to assume that
the above graph is the principal graph T' of N € M. We use again the labeling

Xnit1 Opae
E3
0 Cnpd
Gy oy Up1 Op Quga

where n now is odd, n = 2k + 1. Then

re\'en = {&’01 Qg - - 10“n+3}5rodd = {0‘11 Qg - 1aﬂ+4}

and G is & matrix with [Teven] = & 4+ 3 vows and {Toaql = k + 3 columns, e.g. for:
n=0 1 0 0 0 0
110 090
G=10 11 0 ©
6 01 00
0 0 11 1




29

Since the contragredience map 7 : Taven —* even presesrves distance to *, 7 leaves

ey, 003, - - -, Gn—1 fixed, but could possibly intertwine ap.41 and a,43. However the
computation in the proof of lemma 4.4 (with 75 = a,41 and 4, = ape3), shows
that

Eapsa) > Elans).

Hence = is trivial. As in the proof of lemma 5.4 we therefore have

(+) G(G*G — (G')'G") = 0.

It is easy to compute that ker(G) is the one-demensional subspace of R(Ioaq)
spanned by the vector

= Qnt2 — Qnpgd.

By selfadjointness of G'G ~ (G')*G" it follows from () that the matrix is propor-
tional to the projection P on the one-dimensional subspace of R(Taven) spanned
by 5. Set L = 2F. Then the entries of L are either +1,—1 or 0. e.g. forn = 5L
is the matrix:

000 0 0
60 00 0 0
L=|0 0 0 0 0
0 00 1 =1
0 00 -1 1

Hence (G')'G' ~ G'G = cL for some ¢ € Z. Moreover, by proposition 2.3
el = (GN'(1 - )G,

-which is non-negative in the C*-ordering of matrices. Therefore ¢ > 0. The entries
‘of the lover-right 2 x 2-block of G'G are all equal to 1. Since (G')'G' = G'G +cL
‘have non-negative entries, we must have either ¢ = O or ¢ = 1. If ¢ = 0 we can apply
lemma 5.2 together with the triple point obstruction as in the proof of lemma 5.4
to-reach a contradiction. Hence ¢ = 1. In the rest of the proof we take as an
xample n = 5, but the proof generalizes {rivially to any other odd n > 3. From
he above matrices G and L one gets easily that forc=1:

G'G=

O OO
OO R
o= W e O
— b e OO

0
0
1 , (GI)fo =
1
1

(e ==
==y
Ik pad () B OO
O SO
O DO

ince'd < [M : N} < 3+ /2, it follows from lemma 4.3 that the graph I satisfies
cconditions a), b), ¢) and d) in lemma 5.1. Hence by lemma 5.1 (1) the map
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 — E. is a one-to-one correspondence between ', \(Th, o )" and the maximal
subsets of I'yyy with respect to condition (*) in lemma 5.1. As the rows ahd
columns in {G')'G' are labeled by

&y, Oy, &g, 87 and g
{(for n = 5), these maximal sets are
= {&135‘3}) y= {6"35&5}= = {5"51 &T}} w= {&5359}'
Hence we may set Th,on \(Thven IV = {2, 7, 2,1} and = (resp y, z,w) is connected
to &; iff &; is in the set z (vesp y, z, w). Moreover from lemma 5.1 (2), v{a: ) —~vi (@)
is the mumber of sets among z,y, z,w which &; is contained in. Since v(&;) is the
diagonal element corresponding to & in (G')'G', we have

wli)=2-1=1
’Ug{ﬁ’a)zg-—zf—o
n{ds)=3-~-3=0
n(d)=2-1=1
nlig)=2-1=1

Hence &, 8 and &y are each connected to a vertex of (I,.,)0 i.e. a vertex of

Fiyen of valence 1. Therefore I' has the form

For a general odd n > 3 the same argument shows that T'' has the form:

ﬁ"n-{—?

As the contagredience map o; — &;,1 odd preserves distance to the #points the.;-
+-point of I' is located at the vertex of I of valence 1, which is connected to &5
B
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Remark 5.6. The contragredience map 7' : Tl ., — Fhyen Preserves the distance
to the *-point, I''. Hence with the following labeling of the vertices

tk
I'": o < 0, ..., o
1 1
CYO a]
we have 7'(a}) = o}, = 0,2,-..,n — 1, and 7' leaves the two sets {#',v} and

» Y3} nvanant. It 1s easy checked that the equahty
Yo} 1 It i hecked tl he equali
(GN{x")&' = G'nG

is fulfilled if and only if either

a) # interchanges 81,7 and fixes §§ and ~j.
or
By ' fixes B,v] and interchanges 3 and ;.

Moreover, in both cases the other equality in Prop.2.3:
rG(G) = G(G")'#'

15 also fulfilled. It can be shown that only case b) can occur, but the proof involves
:a computation of the full table of “fusion rules” on I'l,,,, i.e. the multiplication
-table for the tensor preducts of the Hilbert bimodules coming from Ty,,,. For
= 3 the proof is elementary. In this case o}, J and -y} are the vertices of I',, .,
or which the Perron-Frobenius weights £(-) are 1. Therefore {ay, 85,74} form a
roup of three elements with identity aj. As the two non-zero elements of Z; are
nverses of each other, it follows that f; = v, so we are in case b).

6. Excluding n =1 (mod 4)

.- Let N C M be an inclusion of I;-factors of finite index, and let I" and I be
he principal graphs of ¥ C M and M C M. As in section 2, we let « denote the
M Hilbert bimodile

a = yLH M),

nd we identify Toven (resp. Togd, Dhvens Dhga } with a set of irreducible N-N (zesp.
I, M-M, M-N) Hilbert bimodules. Consider the Z-modules

Z(Peven)a Z{I‘udd)a Z(Fe\ten) Z(Podd)
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of formal Z-linear combinations of the sets indicated in the brackets. Then the
product of Hilbert bimodules v = pHg, § = gHg, P,@, P € {M, N} defined by

Y =78gé
extends to a bilinear product
Z() % 2-) - 1)

for matching choices of -, -+ and - -+ among Teven; Dodds Daven annd T 44, In this
way we can for every polynomial g(t) with coefficients in Z, define elements,

glad) € LTeven )
&) € LTeven)s
agqlae) = glad@)e € Z{Toaa),
&qlad) = g{ac)a € LToq).

As in section 2, Ar and Ay denote the adjacency matrices of T and TV, and
* = En, #' = Epy are the trivial N-N and M-M bimodules.

Lemma 6.1.
1) I p(t) = g(t*) is an even polynomial in t with integer coefficients. Then the
following 3 conditions are equivalent

a) glad)=0 and g{ac)=0

b) * € kerp(Ar) and + € kerp(Ar}).

¢) p(Ar) = p(Dypv) = 0.

2) If p(t) = tq(t?) is an odd polynomial in t with integer coefficient. Then the
following 6 conditions are equivalent

al aglac)=0. a') aglaa) = 0.

b) * & kerp(Ar). b *" € kerp{Aps).

¢} plar) =0 ) p(Ap) =0
Proof.

1) Note that Ar can be considered as a Z-linear map Z(T') — Z(T") with matrix

0 ¢
o= (& %)

Thus A% leaves Z(Teven} and Z{Toga) invaniant and the corresponding ma.tric'cé?_:::.__:
are e
(A%‘)even = GG' and (Ag‘)odd = G'G,
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Hence A} is given by right multiplication by a@ on Z{Teves) and by right mul-
tiplication by &a on Z{Toqq). Similarly A}, is given by right multiplication by
ac on Z(T%,.,.) and by right multiplication by e& on Z(I'% ). Therefore a) = «¢).
Obviously ¢} => b), and b) = a) is clear, because

glad) = En glaa) and g(aa) = Ex ¢(aa)

2} The contragradience map extends to a Z-linear bijection of Z{T'yqq) onto Z{T" ,4).

Therefore a) & a'). Hence by symmetry, we only need to check, that a), b} and ¢)

are equivalent. For every & € Ny, A?“H maps Z{Feven) into Z(Toaa) and Z(Toaq)
into Z(Ceven). Moreover on Z(Tayven), the map is given by right multiplication by
a(@a)* and on Z(Dyda), it is given by right multiplication by &(e&)*. From this
one gets easily that a) together with the equivalent condition a') implies ¢). ¢} =
b) is trivial and b} = a) follows from

ag(@a) = En ag{aa). |

end of proof of Theorem 1.1.

Let N C M be an irreducible inclusion of I;-factors of index in the interval
4 < [M : N] < 34 +/2. By prop. 5.5 the principal graph of either N C M or of
Mc M s

r some odd n > 3. To complete the proof of theorem 1.1 we have to show
lat n = 3 (mod 4). As in [S] we let (Rn(t))r:[} be the sequence of polynomials
efined recursively by

Ro(t) =1, Ri(t)=t,

Rn-*-l(t) + R,y (t) = tRn{t}
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1

¥or { = 2cosf, R,(2cosf) = 5—""—-&2—{{'}22, n=0,1,2,... . Let us label the vertices
of T' in the following way.
A3
P2
B
*
W&.Z ...... Qp—y Qg
Ti
13
3
Using the recursion formula for (Rn(t)):‘i__l we get

Rk(AF)(*):akm kio,.-.,?’l
and

RopmlAr)#)=081+m

Rota(Ar)(*) = e + 72 + an
Rr1+3(AX‘)(*} =M+ +thtntan
Rupa{Dr)*) = B2 + 2 4 200 + @tpme

Hence, if we set
Pyo(t) = Rata(t) — Raga(t) — Ra{t) — Rn_a2(f)
then
Po(Ar)(#) = 0.

Note that since 1 is odd, P.{t} is an odd polynomial so by lemnma 5.1, Po(Ar} = O.
Consider now the vector n € R{T"} given by

=5+ V2t —mn—VIn -
Then it is easily seen that 7 is an eigenvector for Ar with eigenvalue v/2. Moreover

sin((k + 1}F)

ten T
2441 2

Ri(V/2) = Ri(2 cos E) -

Therefore
V2, k=1 [mod§)
Rk(\/i) ={ -2, k=5 (mod 8)
0, k=3,7 (mod 8)
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and hence,
—2v/2, n=1 {mod 8§)
Ra(v2) = { 42V3, n=5 (mod8)
0, n=3,7 (mod8)

which shows that

PuApry =~2vV2y, n=1 {mod8)
P.(Ar)y =+2V2;, n=35 (mod &)

Therefore P(Ar) # 0, whenn =1 (meod 4), and we have reached a contradiction
in this case. Hence n =3 (mod 4).

Remark 6.2. The proof given above to exclude n =1 (mod 4) can be considered
as a refinement of the algebraic proofs given independently by [I] and [SuV] for
excluding D, n odd, as a principal graph. Indeed this can easily be proved by
use of lemma 6.1:

First observe that if I' = D,,, then I'' = D,,, because ||I’||* = ||T|%, so the
A-D-E-classification of graphs of norm less than two, together with the equality
[Toda| = |Thqql excludes all other possibilities. Set n = m + 3, and assume that
n is odd (equivalently m is even). As the *-pont must be located at the vertex
of lowest weight for the Perron-Frobenius vector, the *-point is at the end of the
“leg” of length m in both I and [. It is now easy to check that

(Rm-i-Q(AI‘) - Rm(AE‘))(*) =0
As the same equality holds for Ap, we get from lemma 6.1 (1} that

Roya(Arp) = Ry (Ap) = 0.
owever, the vector 7, that takes the values +1 and —1 at the end of the two legs
f leagth 1 in D, 43, and 0 otherwise, is an eigenvector for Ap with eigenvalue

G Hence, by the recursion formula for (R,,_(t))f:ﬂ, Rop(Aryy = (—1)%, which
hows that

Rm+2(AF)77 - Rm(/—\l")?? ‘ié 0,
en m 15 even, and we have reached a contradiction.

Lemma 6.1 cannot be used to exclude the graph E7 as a principal graph; but is
easy (and well known) observation that E; can be excluded by the 2 cos %-ruie
see e.g. [1, p.967]).
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§7. Announcement of further results.

With minor improvements of the techniques used to prove Theorem 1.1, we
have been able to extend the “at most list” of principal groups up to index 3 ++/3.
The result is:

Let N C M be an irreducible inclusion of 1;-factors of index in the interval
4 < {M : N} < 3% +/3. Then the unordered pair (T, T} of principal graphs for
NCMand M C My =< M, ey > is one of the following:

(1) T=T = A,

(2)

(3)
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Numerically, [M : N} = (5 + V17) % 4.56155, in case (3), and in case (4), the
corresponding sequence of indices starts at %{7 + /5) = 4.61803 for n = 3 and it

converges rapidly to & 4.65897 for n — oo.

It can be shown, that in the cases (2), (3) and (4) the contragredience maps =
and 7' are uniquely determined from the pair of graphs. Moreover, there is up to
isomorphism only one commuting square of multi-matrix algebras Ay, Ay, Bo, By

of the form.

(G¢")
By C B
&G U U (=G
Ao C A]
G

ér any given dimension vector on Ag. Hence by the generating property for finite
epth subfactors ([01], [P1]), there is up to conjugacy at most one subfactor of
he hyperfinite Iy -factor for each of the graphs listed in case (2), (3) and (4). The
main problem now is to prove the existence of subfactors with the graphs listed in
2), (3) and (4) as principal graphs. So far we have only managed to do this for

c= 3 in case (2), L.e. we have shown:

" There are precisely two conjugacy classes of finite depth subfactors of the

ypesfinite I -factor with index %—(5«{» 13}, and the corresponding principal graphs
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The proofs of the results listed in this section with be given elsewhere.

[GHJ)

(M

)
f01]
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[P2)
(5]

[Suj

(SuV]

(W]

References

¥. Goodman, P. de la Haspe and V.F.R. Jones, Coxeter graphs and towers
of algebras, MSRI Publ. 14, Springer Verlag, 1989.

M. Izumi, Application of fusion rules to classification of subfactors, Publ.
RIMS, Kyoto Univ. 27 {1991), 953-994

V.F.R. Jones, Index for subfactors, Invent. Math. 72 (1983), 1-25.

A. Ocneanu, Quantized group, string algebras and Galois theory for al-
gebras, In “Operator algebras and applications, Veol. 2”. London Math.
Soc. Lecture Notes Series 136 {1989) 119-172,

A, Ocneanu, Quantum symmetry, differential geometry of finite graphs
and classification of subfactors, Univ. of Tokyo Seminary Note 45 (recorded
by Y. Kawahigashi}, 1991.

S. Popa, Classification of subfactors: reduction to commuting squares,
Inventiones Math. 101 (1990), 19-43.

S. Popa, Classification of amenable subfactors of type 11, to appear in
Acta Math.

J. K. Schou, Commuting squares and Index for subfactors, Ph.D. Thesis,
Odense University 1990.

V. 8. Sunder, 11;-factors, their bimodules and hypergroups, Trans. Amer.
Math. Soc. 330 (1992), 227-256.

V. 8. Sunder and A. Vijayarajan, On the non-occurence of the Coxeter
Graphs F7, D4y as principal graphs of an inclusion of IT)-factors, Pac.
3. Math. 161 (1893), 185-200.

H. Wenzl, Hecke algebras of type A, and subfactors, Inventiones Math.
92 (1988), 349-384.




