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§1. Introduction 
In the theory of subfactors, the principal graph and more generally the para-

group of an inclusion has become the most important invariant also for index 
[M : N] > 4. Unfortunately, for many concretely constructed subfactors, direct 
computation of its principal graph is practically impossible. The purpose of this 
paper is to present a set of - mostly combinatorial - rules, that limits the 
number of possibilities for principal graphs substantially. Here we will consider 
only the index range 4 < [M : N] < 3 + -/2, but with minor modifications of 
the techniques presented here, Theorem 1.1 below can be extended to the range 
4 < [M : N] < 3 + v'3 (See Section 7: Announcement of further results). The 
main result of this paper is: 

Theore1n 1.1. Let N C lv! be an irreducible inclusion of II1 -factors with index 
in the interval4 < [M: N] < 3+ -/2, and Jet lvi C M 1 = (M, eN) be the inclusion 
obtained by Jones' basic construction. Then the pair (r, f') of principal graphs 
for the inclusions N C M and A1 c A11 is either 

(1) f = f' = Aco 

or 

{2) 

* r '. n' 

n = 3 (mod 4) 
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where n denotes the distance from the to the first branch point. The pair 
in case (2) should be considered as an unordered pail\ i.e. either (r, r') = cr n, 
or (r, r') = r n) for some n = 3 (mod 4). An elementary computation shows 
that lif,li2 = J1r;ll2 = >+fl. Hence we have 

Corollary 1.2. If an irreducible inclusion N C M has index in the interval 

4 < [.!VI : NJ < 5 + Jl3 
2 

then r = r' = A00 • In particular, the inclusion is non-amenable in the sense of 
Popa [P2}. 

We expect that all the above graphs r n and n = 3 (mod 4) can be realized 
as principal graphs of subfactors of the hyperfinite II1-factor R, but so far we have 
only been able to construct subfactors of R with principal graphs r 3 and (cf. 
Section 7). 

Theorem 1.1 shows that the examples of subfactors of R constructed by Schou 
and the author in [SJ based on the T(2, 2, n), n 3 and T(3, 3, n), n 2: 4 
n # 3 (mod 4) all have infinite depth with principal graph A=, and the same holds 
for Ocneanu's subfactor based on the graph E 10 . 

and 

It is easy to check that llfnll2 = lif:,IJ 2 for all n. Numerically, 

ur,u' "'4.30278 
ur,u' "'4.37720 
llfnll2 "'4.38271 

lim jlf nll2 "'4.38298. 

The upper bound for the index range considered in Theorem 1.1 is 3 + v'2 ;::::: 
4.41421. 

The rest of this paper is divided in 6 sections: 
2. Principal graphs and ·Hilbert bimodules. 
3. Ocueanu's biunitary condition and the triple point obstruction. 
4. Limiting the possibilities for one of the principal graphs r and r'. 
5. Reconstructing r' from r. 
6. Excluding n = 1 (mod 4). 
7. Announcement of further results. 

§2. Principal graphs and Hilbert bimodules 
Let N C l\1 be an inclusion of Ih -factors of finite index, and let 

N c M c M, c M, c · · · 
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be the associated Jones tower. Following [GHJ] the principal graph r of the 
inclusion N C 1\if is the principal part of the Bratteli diagram for the tower 

C N' n M C N' n M1 C · · · 

and similarly the principal graph f' of the inclusion M c 1111 is the principal part 
of the Bratteli diagram for the tower 

C M' n M1 C M' n M, c · · · 

We let * (resp. *') denote the vertex in f (resp. f') corresponding to the C-
component. r and f 1 are bipartite graphs 

r = feven u rodd, r' = u 

where feven (resp. rodd) is the set of vertices in r of even (resp. odd) distance to 
the *-Vertex, and are defined in the SaffiC Way. 

Following Ocneanu's picture [01], the four sets feven, r odd, and can 
be identified with sets of Hilbert birnodules: To the inclusion N C M is associated 
the N -M Hilbert bimodule 

given by 

<>(a,b)x = axb, a EN, bE M, x E L 2 (M). 

We let Q be the contragredient 111-N Hilbert bimodule 

a(a,b)x = axb, a E lvf, bEN, x E L2 (M). 

Moreover EN (resp. EM) denote the trivial N-N bimodule L2(N) (resp. the trivial 
M-M bimodule L2 (M). For two Hilbert bimodules" and fi: 

<>=pHq, fi=qf(R, P,Q,RE{lvf,N), 

we let o:/3 denote the P-H-Hilbert bimodule a ®Q /3. With this notation we may 
write 

reven =set of irreducible N-N bimodules occuring in the decompositions 
of E.N, o:&, (aa)2 , ••. 

r odd = Set of irreducible N -M bimodules occuring in the decompositions 
of o:, o:aa, a(aa)2, .. · 

= set of irreducible M-M bimodules occuring in the decompositions 
of E.M, li:a, (a:a)2 ,··· 
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= set of irreducible M -N bimodules occuring in the decompositions 
of a, &aa, a(na?)··· 

with these identifications,*= £Nand*'= £M. For two P-Q Hilbert blmodules 
1, 8 (P, Q E {M, N}) we let ( /, 6) denote the dimension of the space of intertwiners 
for"! and 8. With this notation, the adjacency matrix D..r for r can be written in 
the following way 

= 

where G is the 1'f even X r Qdd -matrix" given by 

tEreven, 8Erodd· 

(The last equality follows from Frobenius reciprocity, cf. [Su, p.245, Proposition 6]). 
The adjacency matrix 

is given similarly: 

= (?'a,o') = (1 ',8'o:), 

The following three observations are probably well known: 

Proposition For every n E N, 

dim(N' n Mn-1) = dim(M' n Mn)· 

Proof. For n odd, n = 2k + 1, the statement is equivalent to that the dimension 
of the space of selfintertwiners for a:( lrO' )k is the same as the dimension of 
twiners of &(c:a)k 1 but thls is clear1 since o:(ao:)k and a(O'a)k are contragredient 
Hilbert bimodules. (Actually in this case N' nMn_1 and M' nM,. are isomorphic). 

For n : even1 n = 2k; we shall prove that the dimension of the space of self-
intertwiners of ( aQ )k, is the same as the dimension of the space of selfintertwiners 
for ( i'io: )', i.e. 

However, thjs follows from Frobenius' reciprocity, because 

((o:a)', (ali)')= ((a&)'-' a, (<>i'i)"<>) 
= (u(lio:)'-1 ,a(lia)') 
= ((lia)',(ao:)'). II 
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Proposition 2.2. 
1) The contragredience map f -l- 7 on feven is a permutation 1T of order 2, and 

2) The contragredience map 'Y' -;. ;y' on is a permutation n1 of order 2, and 

3) The contragredience map 1-;. 1 is a bijection off odd onto and 

distr(*,/) = distf'(•',t), V1 E rodd 

Proof 
1) Clearly n 2 = 1. Moreover for 1 E f even 

2) Same as 1). 

distr(*,/) = min{2k 
= min{2k 
= distr(•, t). 

((a&)',l) # 0} 
((a&)', 'i) # 0} 

3) It is clear that 1-;. 7 is a bijection of fodd onto For 1 E fodd, 

distr(*,l) = min{2k + 1 
= min{2k + 1 
= distr•(•',t). 

((a&)',l) # 0) 
(it("")', t) ,. 0} 

II 

Proposition 2.3. If we identify r odd and according to the contragredient 
map 1 -;. 7, then 

1) xG(G')' = G(G')'x', 
2) G'xG = (G')'x'G', 

where 1l' and 1l'1 are now considered as permutation matrices. 

Proof. Let Z(feve11 ), Z(fodd), be the set of formal linear com-
binations over Z of the given sets. Let Let and £ 0 {resp. Ra and R 0 ) be left 
multiplication with a and fr (resp. right multiplication with a and a), whenever 
it is defined. Then we have the following commuting diagram of Z-linear maps: 

Ro ___, 
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If we consider the given Z modules as spaces of row vectors, then the 7 maps can 
be considered as multiplication from right by Z-matrices. The corresponding 7 
matrices are 

(G')' G' 
--> --> 

•GI I (G')'•' I •G 

Z(r'"'") --> Z(rodd) ___, 
G G' 

under the identification Z(rodd) given by the contragredience map. 
Hence 

,.Q(G')' = G(G')'r.' and (G')',.'G' G',.G. 

§3. Ocneanu's biuuitary condition and the triple point obstruction 
Throughout this section N C M is an irreducible inclusion of lit-factors of 

finite index, and r and f' denote the principal graphs of the lnclusions N C M and 
M C M 1 as in section 2. For any P-Q-Hilbert bimodule 'Y = pHq, P, Q E {M,N} 
we let denote the square root of the index of the corresponding inclusion 
L-JP) C R,( Q)'. Here L7 (resp. R 1 ) denotes the left action of P on H (resp. 
right action of Q on H). Since N C M is irreducible, it is extremal in the sense 
of Popa [Pl]. Therefore the restrictions (r (resp. er•) of e tor (resp. r') is an 
eigenvector for the adjacency matrix .6.r (resp. with eigenvalue [M : Nj112 

i.e. 

From the definition of we have immediately 

Proposition 3.1. 
1) (r(*) {r•(•') = 1 
2) For all, E reVI:lll 

3) For all -y' E 
4) For all; E rodd• 

(r(t) = (r('Y) 
(r{'/) = er·b') 

(f'(')) = er('Y). 

The following observation is well known and very useful: 

Proposition 3.2. (The 2 cos(1r /n)-rule) 
1) For all -r E r :, (r('Y) E {2cos n 2 3} U [2, oo[. 
2) Let r1 be a finite grapli. If r1 is the principal graph for some irreducible 
subfactor, and if 6 is the unique Perron-Frobenius eigenvector for .6.r, on rt, for 
which 

j 

j 

j 
I 



then for all 'Y E r1, 6(-r) E {2cos f;, n 2: 3} U [2, oo[ 

Proof. 
1) It follows immediately from Jones' fundamental result [J], that 

= [R-y(Q): L,(P)]2 E {4cos2 !:.,n 2: 3} U [4,oo[ 
n 

for any P-Q-Hilbert bimodule 'Y of finite index. 
2) From 1) we get 

E ri} = = 1. 
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Hence 2) follows by uniqueness of the Perron-Frobenius eigenvector of D.r 1 up to 
multiplication with positive real numbers, and the fact that I if 1 11' = [M : N] in 
the finite depth case. II 

We state next Ocneanu,s biunitary condition. It suffices for our applications 
to consider only graphs with simple edges: 

Proposition 3.3. (Ocneanu's biunitary condition) Assume that both r and f' 
have only simple edges. Let 

and let 7r and 7r
1 be the contragredience maps on r even and respectively as 

in section 2. Set 
H=(G')', K=1rG, L=(1r'G')' 

Then G, H, J(, L aTe { 0, 1} -matrices, and 

GL = KH and G'K = LH' 

lvforeover there exist (possibly infinite) unitary matrices u, v of the form 

u = EBu(i,k), (i,k) E feven X r:VCI\1 (GL)ik > 0, 

v = Ellv(j,l), (j,l) E rodd X (G'K);I > 0, 

such that 
a) Each direct summand u(i,k) is a finite unitary matrix with (GL)tk = (I<H)ik 

rows and columns 
b) Each direct summand v(i,k) is a finite unitary matrix with ( G' K);I = (LH');I 

rows and columns 
c) 

v(;,l) = u(i,k) 
i,k WJW) ;,1 
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whenever(i,j, k,J) E feveu X rodd X X and 

Proof. This follows from Ocneanu's (mostly unpublished) work on commuting 
squares and connections (cf. fOlJ, {02]). For convenience of the reader, we sketch 
a proof based on [S, pp. 2-11]. Note that the equalities GL = 1\H and G'J( = LH' 
were proved in proposition 2.3. 

Assume that N C M has finite depth. Then the double tower of com-
muting squares 

c c M'nM1 c M'nM, c M'nM3 c 
u u u 
c c M{nM, c M{ nM3 c 

eventually becomes periodic with period 2 (in the sense of Wenzl [VV]), and for 
large n the commuting square 

(G')' 
M'nMzn+I c M' n .i\tlzn+z 

1rG u u {1r'G')' 
Min 1\llzn+l c M{ nMzn+2 

G 

have the inclusion matrices indicated on the figure. It is clear that the horizontal 
inclusion matrices are G and ( G1)t, and to prove that the vertical inclusion matrices 
are as indicated on the figure, one uses that the contragredience map 7r of r even 
(resp. 'lf 1 of corresponds to the permutations of the full matrix blocks of 
M{ n Mzn+l (resp. M' n A1zn+z) induced by the conjugate linear involution J : 
a--+ a* in L2 (Mn+d· Hence in this case prop. 3.3 is exactly the condition given in 
[S, Thm. 1.1.10] for the existence of a commuting square of multimatrix algebras 
with given inclusion matrices. 

Consider next the case, where N C M has infinite depth. Then for every 
n E N, the commuting squ?'re 

M 1 n Mzn-1 n !vi' n Mzn 
u u 

M{ n Mzn-1 C n Mzn 

is canonically isomorphic to the commuting square obtained by reducing 

lvJI n Mzn+l 
u 
nMzn+I 

C M'nMzn+2 
u 

C M{ nMzn+2 
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with the Jones' projection e2 n+l· Thus by forming the inductive limit with respect 
to the imbeddings 

we obtain a commuting square of ''generalized multimatrix algebras'' (infinite di-
rect sums of type 100-factors) 

(G')' 
Bo c B1 

1rG u u (1r'G')' 
Ao c AI 

G 

with inclusion matrices as indicated on the figure, and the proof of [S, Thm. 1.1.10] 
can easily be modified to generalized multimatrix algebras. II 

It was discovered first by Ocneanu, and later (independently) by a number of 
other people, that in many concrete examples, the existence of a triple point in 
a given bipartite graph r = r even u r odd is an obstruction to build a commuting 
square of multi-matrix algebras of the form 

G' 
Bo c B1 

GU u G' 
Ao c AI 

G 

where G is the feven X rodd part of the adjacency matrix for r. In prop. 3.5 we 
state and prove the "triple point obstruction" in the form needed in the following 
sections. The presentation here is based on [S]. First we need a lemma: 

Le1nma 3.4. Ifu is a unitary 3 x 3 matrix and a 1 , a 2 , a 3 are strictly positive real 
numbers such that 

then a1 + a2 + a3 :$ 2. 

Proof. ( cf. [S, p.30)). Set 8; 
square norm equal to 1, 

lu;;l ;?: 0, i 1, 2, 3. Since the rows in u have 

a; = 1 - al a2 - al a3 

= 1 - a1 a2 - a2a3 

Di = 1 - a1 a3 - a2aa 

Since ttuU21 + u12it22 + ttt3it.23 = 0, the absolute values of these three terms: 
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are the lengths of the 3 edges in a (possible degenerate) triangle in the complex 
plane. Hence 

Squaring this equation yields 

and by squaring once more, we have 

Inserting now the expressions for or and Oi in terms of al, Oz and a3 and reducing, 
one gets 

al{(a1 + a2 + a 3 )
2

- 4) :'> 0. 

Hence a1 + a2 + a 3 :S 2. fl 

Recall, that an in a graph r 1 is a set of n distinct vertices II> ... , 'Yn E 
r 1 connected by n edges in the cyclic order: 

/1 - /'2 - 1'3 - · · · -In- 'Yl· 

Note that in a bipartite graph, all cycles have even length. The matrices G, G', n 
and 1r' in the next proposition are defined as in prop. 2.2 and 2.3. 

Proposition 3.5. (The triple point obstruction) Let N C M be an irreducible 
inclusion of ll1 -factors with 4 < [M : N) < oo. Assume that the principal graphs 
r and r' for N c M and M c M, have only simple edges and no 4-cyc/es. If 
If even I ::= and if for SOW€ identificatiOn Of feven and 

G = nG = G' = n'G' 

then rand r/ have no triple points (i.e. lw.ve no vertices of valency 3) 

Proof As in section 2 identify r odd and by the contragredience map. 
Hence the condition G = G' means that we altogether have identified r and r' as 
graphs. By prop. 3.1 the respects the identification r odd and The 
fact that and {r• are eigenvectors for .6.r and D.r• respectively with eigenvalue 
[M : N) 112 , then implies that the also respects the identification of 
reven and Note that nG = G and 1r'G' = G' implies, that we can neglect 
rr and 7r1

, when we apply the hi unitary condition (prop. 3.3). Assume now that r 
has a triple point 1 E feven, and let 1t, v be as in prop. 3.3. The direct summand 
uh,"Y) of u is a 3 x 3 matrices with entries 

i,j=l,2,3, 
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where 61, 62, 83 E r odd = are the three neighbour points. Since r has no 
4-cycles, the only way to pass from Oi to Oi in two steps, when i =j:. j, is through 
I· Therefore the 6 

i,j=1,2,3, i#j 

are just 1 X 1 unitary matrices so by c) in prop. 3.3 

i # j, 

where a;= is an eigenvectorfor Ll.r with eigenvalue [M : N]'l', 
3 

= [M: 
i=l 

and so a1 + a 2 + a3 = [M : N]112 > 2, which contradicts lemma 3.4. If a triple 
point 1 is in r odd, we can apply the same proof with u and v interchanged. II 

The following special case of the triple point obstruction appears to be well 
known: 

Corollary 3.6. 
1) If r =A=, tl1en f' =A=. 
2) If r = D=, then f' = D= and [M: N] = 4. 
Proof. 
1) Recall that llfll' = llf'll' S (M: N], (cf. (P2]). Clearly f' is infinite if and only 
if r is infinite, and the only infinite graphs of norm 2 are A00 , Doo and A00 , 00 , but 
the last one is excluded since N C lvf (and hence also M C M 1 ) is assumed to be 
irreducible. Therefore 

f = Aoo or D= implies that f 1 = Aoo or Dco· 

By irreducibility the *-point is located at a vertex of valence 1, i.e. with the labeling 
of vertices 

Aoo: o-------<> 

"'' "'' a, "'' 

Doo: fi>p, 0 
/33 

0 
p, 

7o 

we have*= a:0 in A00 , and we can assume that * = {30 in D 00 • Setting>.= [M: 
N]ll2

, there is in both cases a unique solution to = A,e satisfying e( *) = 1. 
For A00 , we get 
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and for D 00 , we get 

WJo) l, =), = >-'- 2, (((J,) = >-'- 3>.. 

Assume (f, f') = (A00 , D00 ) or (D00 ,A00 ). Then & 3 = (33 , because the contragre-
dience map r odd -). preserves the distance to the *-points in r and f 1 ( cf. 
prop. 2.3). However (33 cannot be contragradient to a 3 , because (((J,) 'f 
Hence 

f = f 1 = Aoo or f = f 1 = Dco. 

In both cases [M : N]2: llfil' = 4. 
2) Assume now that f = f' = Doo· Since the vertices in (Doo)odd are uniquely 
determined by their distance to *, the contragredience map fodd -4 is the 
identity on ( D 00 )odd. Moreover by prop. 2.2 ( 1) the contragredience map 1r on 
(Dco)even is trivial, except for a possible permutation of the two vertices /32 and 
'Yo of distance 2 to the •-point. But since (((J,) tf (('Yo) it follows that 1r is trivial. 
The same argument applies to 11' 11 so by the triple point obstruction (prop. 3.5) we 
get [M : N] = 4. 1111 

§4. Limiting the possibilities for one of the principal graphs f and f' 
Let (f,*) be the principal graph of an irreducible inclusion of ll1-factors of 

finite index. We set 

n(f,•) = min{dist(•,'Y) I' E r, valency('!) 2 o. 
In particular, if r = An, n 2: 2 or r = A00 , then n(f, *) = +oo. 

Lemma 4.1. Let N C M be an irreducible inclusion of1I1 -factors of finite index, 
and let r and f' be the principal graphs of N c M and M C M1 respectively. 
1) Then n(r, •) = n(f', •'). 
2) In case rand f' have only simple edges, and n = n(f, *) = n(f', •') < oo, then 
the branch points 1 and 1' of distance n to * and *' have the same valency. 

Proof. Set n = min{(f,•),n(f',•')). If n = +oo, there is nothing to prove, so 
we can assuine that n < oo. By symmetry, we may further assume that 

n = n(f,•) n(f', •'). 

In particular r is not of type A. Let No c M 0 be an inclusion of IIrfactors with 
pricipal graph A00 (for instance, the Jones' subfactor of index 4). Then the first 
n steps of the Bratteli diagrams 

C c N' n M c N' n M1 c · · · 
and 

C c (W)' n M• c (W)' n M,O c · · · 
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are isomorphic, while the ( n + 1 )'th step has more edges in the first row than in 
the second row. Hence 

dim(N'nMk- 1 )=dim((.W)'nM[_1 ), k= l, ... ,n 
where 

dim(N' n Mn) > dim((N°)' n 

Hence by proposition 2.1, 

dim(M' n Mk) = dim((W)' n M[_1), k =I, ... , n 

dim(M' n Mn+l) > dim((W)' n M[_ 1 ), k = !, ... , n. 

Thus the n'th point in the principal graph of M C M 1 connected from the *-point 
is also a branch point. 
2) Let v(l) and v(l') denote the valencies of -y and-y'. Then 

v(l)- 2 = dim(N' n Mn)- dim((N°)' n 
= dim(M' n Mn+l)- dim((N°)' n 
= v(-y') - 2 

1111 

The following Lemma is our main key to reduce the number of possibilities for the 
pair of principal graphs (f, f'). 

Lemma 4.2. Let N C Nf be an irreducible inclusion of .II1-factors of finite index, 
and let r and f' be the principal graphs of N c M and N c M 1 respectively. 
Assume 

a) [M:N]>4. 
b) rand f' are not isomorphic to A00 • 

c) r and r' have only simple edges. 
d) r and f' have no 4-cycles. 
e) The branch point-y E f (resp. 1' E f') of smallest distance 

to * ( resp. *1
) is a triple point. 

Then either 1 or 1' have a neighbouring branch point, i.e. I or 1' is connected to 
a vertex of valency greater or equal to 3. 

Proof Assume a), b), c), d) and e), but that neighter -y or -y' have a neighbouring 
branch point. With the notation of lemma 4.1, set 

n = n(f,•) = n(f', /). 



14 

Then b) implies that n < oo, and by e) r and P contain exactly 2 vertices of 
distance n + 1 from their respective *wpoints. By e) these altogether 4 vertices 
have valency less or equal to 2. We first treat the case, where all 4 vertices have 
valency 2. In the proof below we also assume n 2: 2, but with trivial modifications, 
the proof also covers the case n = 1. Thus we will first assume that r and f' have 
the forms 

and 

for same n 2: 2. Note that d) implies that (32 ,P '' and f3; f ,;. 
Case n even: 
By the identification r odd = we have 

' O'n-1 = 0 n-1 

because the contragredience map preserves distance to the respective *-points. 
Also after possibly relabeling the two ''rays'1 from we can assume 

!3I = and 11 = s;. 
Moreover, since the contragredience maps n and n' on r even and preserve 
distance to the respective *-points 1f(Ctn-2) = 0: 11 _ 2 , = o:111 _ 2 . Moreover 
7i leaves the set {,62 , 12 } invariant and rr1 leaves the set invariant. Since 
the matrix element (G 1TrG)f3 1 f3 1 is equal to the number of elements 0 E reven, for 
which both 8 and 1r(li) is connected to /]1, we get: 

t { 2 (G rrG)p,p, = 1 
if rr( flz) = (3, and rr( 'Y2) = 'Y2 
if rr(f3z) = 'Y2 and rr('Y,) = (32 

The corresponding formula for (( G' )tn'G1
) f3tt3t together with the equality GtnG == 

(G')frr 1G' (cf. prop. 2.3) now shows that only the following two cases can occur: 

(i) /32 and 72 are fixed by rr, and fl; and,; are fixed by r.'. 
(ii) rr interchanges /32 and,.,, and rr' interchanges f3; and,;. 
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Since {r and {f' are eigenvectors for .6..r and .6.r' respectively with eigenvalue 
.A = [M : N['/2 , we have 

In case (i), we can repeat the proof of the triple point obstruction (prop. 3.5) 
almost word by word, and obtain a contradiction to the condition [M : N] > 4. 
In case ( ii) we get 

from prop. 3.1. Hence by the eigenvector equations 

and similarly = {( ). Now let u, v be the two unit aries in the hi unitary con-
dition (prop. 3.3). The 3 x 3 block of the matrix GtnG = (G')t1r1G1 corresponding 
to rows and columns labelled by { O'n-1 1 f3I, 11} is 

Let ( u., v) be the pair of unitaries in prop. 3.3. Then v(i,j) is a 1 x 1 unitary matrix, 
whenever {i,j) E { Un-1, ;J1 , 'YI } 2 corresponds to one of the 6 positions with l's in 
the above 3 X 3 matrix. Hence by condition c) in prop. 3.3, the absolute values of 
the corresponding 6 entries of the 3 X 3 unitary matrix u<o-, ,a,) are: 

where a1 = C(a,_J) and a2 = .5..Uhl.. = .5l...1!l, After permuting the last two rows, C(a,) C(a,) 
we get a 3 x 3 unitary matrix with absolute value of the off diagonal elements 
equal to .,;a;a;, where a3 = a 2 . Hence by lemma 3.4, a 1 + 2a2 S 2. However 

+ ? - a,_J) + W3,J + - [ '1 . Njl/2 2 a1 - ( ) - 111 • > 
"" 

by the eigenvector equation for Therefore we can also exclude case (ii). 

CaJe n odd: 
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By the identification r odd = we have 

and 

Moreover, we can assume that {32 = and lz = Hence 

and similarly = ((/lD and (("11) Moreover 7r leaves the set {/l1•rd 
invariant, and rr' leaves the set {.BL 1D invariant. Using the equality 

it follows that only the following two cases can occur. 

(iii) f)1 and "(1 are fixed by 7r and !l; and"(; are fixed by 1r' 

(iv) 71' interchanges {31 and 11 and 7!"1 intercanges and 

The proofs of impossibility of (iii) and (iv) are now completly parallel to the proofs 
of impossibility of (i) and (ii) in the case n even (with u and v interchanged). 

Finally we treat the case, where at least one of the four vertices J.h, ""Yl, ,BL 1i 
has valency 1. Without loss of generality we may assume v(/31 ) = l. Then v( "(1 ) = 
2, because v(-y1) = 1 would imply that r = Dn+'' contradicting that [M: NJ > 4. 
Thus r has the form 

lh 

Ca.se n even: 
As for v(f)J) = 2, we can assume /31 = p;, "11 = "(1, and e(«n)· 
By the eigenvector equation = 

This shows that v(f3D = 1 (valency in r'), because if v(ilD = 2, then the eigen-
vector equation .6.r•{r• = €r• would imply 
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where "·" is the second vertex connected to {31. Since f' ;f. Dn+3 it has the form. 

•' r': o--o-o .... 
a'1 

Clearly 1r(72 ) = 12 and = because 7i and n' preserves distance to the 
*-points. Thus the proof of the triple point obstruction (prop. 3.5) can again be 
used to give a contradiction. 

Case n odd: 
Since the contragredience map r odd --1- preserves distance to the *-points, r' 
has only one vertex = 12 of distance n + 2 to *1

• Therefore we can label the 
two vertices of distance n + 1 to *' by .Bi and 1i in such a way that f 1 takes the 
form show in the above figure. The contragredience map gives the identifications 
O:n = and 12 = Therefore 

and 

It also follows that < and < Therefore,- (resp. 1r') cannot 
intertwine (31 and 'i'l (resp. and the proof of the triple point obstruction 
(prop. 3.5) can again be used to give a contradiction. II 

Lemtna 4.3. Let N C M be an irreducible inclusion of Il1 -factors with index in 
the interval 4 < [M : NJ < 3 + .;2, and principal graph r. Then 
1) r has only simple edges. 
2) r has no 4-cycles or 6-cycles. 
3) Every I' E r has valency v(l') Jess or equal to 3. 

Proof Since jjrl!' :S [M : N] with equality, when r is finite, then either 4 < 
l!rl!' < 3 + VZ, or r is an infinite graph satisfying jjrjj = 2, i.e. r = A=, D= or 
A=,=· By irreducibility r # A=,= and by corolloary 3.6, r # D=. Clearly A= 
satisfies 1), 2) and 3) above. Hence we may assume that 

4 < jjrjj' < 3 + vz. 
1) Clearly the multiplicity of an edge is at most jjrjj, so only multiplicity 1 and 
2 can occur. Since the graph 0==0 has (norm)2 = 4, and r is connected. r 
most contain the graph 0-0=0 which has (norm) 2 = 5, contradicting, that 
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llfll2 < 3 + V2 < 5. 
2) Since the graphs 

ando-<) 

have (nonn)2 equal to 4 and H;fiT (> 3 + VZ), 4-cycles are excluded, and since 
the graphs 

0 and 

have (norm)2 equal to 4 and 3 + vf:l, also 6-cycles are excluded. 
3) Clearly the valency of every vertex is less or equal to llflt2 , so v('y) E {1, 2, 3, 4} 
for every 1 E f. Consider the five graphs 

r,: o-o-1-o 
r,: :>-!-o 

Then lifdl2 = 4, lifzlt2 = >+(", Jif,ll 2 = 3 + V2, lif•ll2 = >+:f', and llfsll2 = 
3 + Vi If r has a vertex '/ of valency v( 1) = 4 it must therefore contain a 
connected extension of f 1 in which no vertex have valence 2: 5, i.e. it must contain 
r 2 . However f2 itself cannOt be a principal graph, because it violates the 1(2cos ;-
rule1' (prop. 3.2): To see this, let us label the vertices in the following way: 

Then the unique Penon-Frobenius eigenvector for normalized to have mini-



mum value 1 is 

= 1, = .\, = >.' -1, and 
>.'- 1 

= 
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(••-"")1/2 ' where A = ¥ . However 1 < >. _\1 < v'2, and since 2 cos¥- = 1 and 
2 cos f = v'z the graph violates the 2 cos ;;-rule. Hence r must contain a connected 
extension of r2, i.e. it contains r3, r4 or rs, because no vertex have valence 2: 5. 
However 

which contradicts that llfl[ 2 < 3 + ,;2. Ill 

Proposition 4.4. Let N C M be an irreducible inclusion of II1 -factors of index 
4 < [M : N] < 3 + J2, and let r and r' be tire principal graphs of the inclusions 
N C M and M C M 1 respectively. Then one of the following three condition holds 

1) r = r' =A=-
2) One of the graphs r, f' is 

for some n 2: 3. 
3) One of the graphs r, r' is 

Proof. Since llfll = [[r'[[, we get from the start of the proof of lemma 4.3 that 
either r = f' = A= or 

4 < 11r11' = [[r'[l' < 3 + J2, 
so is the rest of the proof we can assume that this double inequality holds. 
'With the notation of lemma 4.1, let 

n = n(r, *) = n(r',•') 
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be the distance from* (resp. •') to the nearest branch-point 'Y E f (resp. 'Y' E f'). 

By lemma 4.2 and lemma 4.3 either "'' or 1' is connected to another triple point, 

so we may in the following assume that 7 E r has this property. Hence r contains 

the graph, 

where one of the triple points is equal to 1· As this graph has (norm)'l = 4, f must 

contain a connected extension of this graph in which all vertices have valence .5 3, 

i.e. it contains 

This graph has IIG1 II 2 4.21432, and it can be easily checked that the graph 

violates the 2 cos .;-rule. Hence r contains a further extension with no vertex of 

valence 2:: 4, i.e. it contains one of the three graphs 

The latter case is excluded, because IIG4 11 2 = 3 + .,f2. If G3 is strictly contained 

in r, then r must contain 

because no vertex have valence?. 4, and r does not contain G4 . However I!G5 !J 2 > 
3 + .,f2 (To five decimals, IIGsll 2 = 4.46050). Thus G3 <:;; r implies r = G3 • The 
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Perron-Frobenius vector of 6.a3 , normalized to have minimum value 1 is 

where t.p = is the golden ratio, and 

A2 = IIG,II' = + ·h' +4). 

Hence the *-point is located at the endpoint of one of the "legs'' with 2 vertices, 

i.e. we are in case 3). Finally, we have to consider the possible extensions r of G2 . 

From the above, r cannot contain a strict extension of G3 or G4 , so it must have 

one of the following three forms: 

m 2: 3 vertices 

m=oo 

(c) r : 

m;:: 0 
vertices 

Let be solution to = -\C ,\ = Jlfll defined as the square root of the local 

indices (cf. section 3). In all three cases (a), (b) and (c) we can label 5 of the 
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vertices by /i, i = 1, ... , 5 as follows: 

Set a= By solving the eigenvector equation, one gets 

2 >.'- 2 =>.a, =a, = (,\ - 2)a and =-,\-a. 

In case (b) and in case (c) the *-point must be located at 11 , 13 or Js, because 
the *-point has valence 1, and because either 12 or /4 is the branchpoint closest 
to*· Since ..\2 - 1 >A, we have 

so the •-point is located at either "{1 or,,. Therefore a= = = 1, 
which gives 

However 

>.'- 2 = -,\-. 

.\2-? 
1 < ,\ < (3 + J:i) 1i 2 implies 1 < T < V2 

so the 2cos;f-rule is violated. This excludes case (b) and (c), and it also shows 
that in case (a) the *-point must be at the end of the "leg" of length m. Ill 

Remark 4 .5. Already from prop. 4.4, we can conclude that if an irreducible in-
clusion of II1 -factors has index in the interval 

4 < [M : N] < 5 + 
2
.,Jl3 

then r = f 1 = Aco, because all the graphs in case 2) and 3) have (norm/ greater 
or equal to t(5 + .,Jl3). Indeed the lowest value is case 2) is obtained for n = 3, 
and ur,ll' = tC5+ .,Jl3). The (norm)' of the graph in case 3) is H 'I'+ V'i'' + 4) "" 
4.39026, where <p is the golden ratio, and this number is bigger than + v'i3). 

§5. Reconstructing f 1 fron1 r 
The following two combinatorial lemmas will allow us exclude some of the 

graphs listed in proposition 4.4 and to reconstruct the principal graph f 1 from the 
principal graph r (or r from f') in the remaining cases. 
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Lemma 5.1. Let r = feven u fodd be a bipartite graph with adjacency matrix 

Assume that 
(a) r is a connected graph with only simple edges 
(b) All vertices in r have finite valency. 
(c) r contains no 4-cycles or 6-cycles. 
(d) !fodd[2 2. 

For 7 E reven, let rodd denote the set of vertices connected to 'Y· Then: 
1) The map, 1 E..,, is a bijection from the set of vertices 1 E r even of valence 

v(;) 2: 2 onto the set of subsets E of r odd, which are maximal with respect 
to the condition 

(•) 

2) If we foro E r, let v1(o) denote the number of neighbouring vertices too of 
valency 1, then for any 8 E fodd, the number 

is equal to the number of maximal subsets E of r odd with respect to condition 
(•), for which o E E. 

Proof 1) Let 7 E r.,,. with v('Y) 2 2. Then [E"[ = v(7) 2 2 so we may choose 
two distinct elements 61, 62 E E1 . Suppose there exists 0 E r odd \E1 such that 
E = E" U {.5} satisfies (•). Since (G'G);,; > 0 there is a path of length 2 from .51 
to 6 through an element 11 E r eveu, and similarly, there is a path of length 2 from 
02 to 6 through an element 12 E feven· Thus we have the following situation: 

, where 61162 and 6 are distinct elements of rodd· However, since r has no 4-cycles 
6-cycles, 1 1 = 12 = 1, which proves that 6 E E 1 . Hence E-y is a maximal set 

! satisfvi''" ( *) . . conversely that E C r odd is a maximal set satisfying ( * ). Since r is 
:c and /f odd I 2 2, E has two distinct elements 61, 62. Moreoves 61 and 62 

connected by a path of length 2 through an element 1 E r even. If 0 E E is 
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distinct from both .51 and .52, then again using that r has no 4-cycles or 6-cycles 
6 E E"'. Hence E1 E and so by ma-;..."imality of E"t 1 E = E 1 . Moreover "Y is unique, 
because E = E.n = E-y1 for two district elements 11 , 12 E f even, would imply that 
11- 61- 12- 82 -11 is a 4-cycle in r. This proves 1). 
2) Set 

Let b E rodd· By definition of v1(8), the number v(8)- v1(b) is equal to the 
number of 1 E r even connected to D, which again is equal to the number of 
"{ E feven for which 0 E E-r- Hence 2) follows from 1). 

Lemma 5.2. Iff= feven U rodd and r' = are two bipartite graphs 
with adjacency matrices 

G') 0 . 

Assume that 
(a) rand r' are connected graphs witlJ only simple edges, 
(b) r and r' contain no 4-cycles or 6-cycles, 
(c) All vertices in rand P' l1ave finite valency, 
(d) lroddl = 2. 

Assume further that for a given identification of r odd with 

G'G = (G')'G'. 

Then jr even I == and for some pesmutation matrix p, 

G' =pG 

i.e. r and r' are isomorphic as graphs with an isomorphism that respects the 
identification of r odd with 

Proof. 
Set 

=hE r.v.,lvb) = 1}, 
(r;,J'l = h' E r;,'"lv("Y') = 1}. 

By lemma 5.1 (1) there is a unique bijection p of onto r'\ 
1 

such 
that 
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For 8 E r odd we let 8' denote the corresponding element in Then 

v(6') = ((G')'G') 6, 6, = (G'G)" = v(6). 

Moreover, by lemma 5.1 {2) 

v(6')- v1{6') = v(6)- v1{6). 

Thus v1{6') = v1(6) for all6 E rodd, i.e the two sets 

{'y E II connected (only) to 6) 
and 

{'y' E {r;,,)<1JI1 connected (only) to 6') 

have the same number of elements, when 6 and 81 are corresponding elements of 
r odd and Therefore we can extend p to a bijection (also called p) of r even 

onto such that p for each 0 E r odd is a bijection of the first of the above 2 
sets onto the other. 
It is now easy to check, that p together with the identification 0 ---+ 6' of r odd onto 

defines a graph isomorphism of r onto f 1
• In particular 

G' =pG, 

when we consider p as a permutation matrix with rows labeled by and 
columns labeled by r eveu. 

Remark 5.3. Condition b) in lemma 5.2 is essential. Consider 

G= G D and G'= 0 i D 
Then GtG = ( G')tG1

, but the corresponding bipartite graphs, 

r and r' 

not isomorphic. 
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Lemma 5.4. Let N C M be an irreducible inclusion of II1-factors with index in 
the interval 4 < [M : Nj < 3 + 1/'2. Then the principal graph (r, •) of N C M 
cannot be one of the following graphs 

1) · · · o>----<o>-----/I,..._.._..l>---,o ' 
n '2. 4, n even 

2) 

Proof. 1) Let n = 2k. Then with respect to the labeling 

* r 

reven = {ao,a2,···,an+4.},rodd = {o:1,a3,···,an+3}, and G is a matrix with 
1r '"n I = k + 3 rows and Jrodd I = k + 2 columns, e.g. for n = 4 

Assume (r, *) is the principal graph of an irreducible inclusion of !!1-factors. Let 
G1

, 1r and 1r 1 be defined as in section 2. Then by prop. 2.3 

1rG(G')'·= G(G')'"' and G'"G = (G') 11r'G'. 

Since the contragredience map n : feven -J. feven preserves distance to *, then 
either 7r is trivial or 1r intertwines the two vertices of distance n + 2 to *, and 
leaves the rest of feven fixed. In both cases nG =G. Hence 

and 
G(G1G) = G(G')'1r'G' = 1rG(G')'G' = G(G')'G' 

i.e. 
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G(G'G- (G')'G') = 0. 

One checks easily, that in the present case ker(G) = 0. Therefore 

G'G = (G')'G'. 

Hence by lemma 4.3 and lemma 5.3. 

G' =pG 

for some 4 X 4 permutation matrix p, and by renumbering the vertices in 
we may assume, that 

G' =G 

so the principal graphs of r and r' for N C M and M C M 1 are identified. This 
identification preserves *-points, since the *-point is necessarily at the end of the 
"n-leg" by the proof of proposition 4.4. The argument for G = rrG applies now 
also to show G1 = 7r1 G'. Hence 

G = nG = G' = 1r'G', 

but this is not possible, because of the triple point obstruction {prop. 3.5). 
2) Assume that the principal graph is 

It is easily checked that the two vertices of distance 4 to the *-point have distinct 
Perron-Frobenius weights. Hence by prop. 2.3 and prop. 3.1, 1r is trivial. Moreover 
ker(G) = 0 also in this case, so as above, we may identify the sets feven and 
'such that G' = G. This identification preserves the *-points, since the *-point is 
the only vertex in r even (resp of lowest Perron-Frobenius weight. Hence the 

of 1r trivial also gives that 1r1 is trivial, and the triple point obstruction can 
be applied. 

5.5. Let N C M be an irreducible inclusion of II1 -factors, with 
m the interval 4 < [M" : N] < 3 + /2. Then the unordered pair (f, f') of 

graphs for the inclusions N C M and lvi C M 1 is 
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1) 

or 

r 

2) 

f' 

r = f' = Aoo 

... 

• 
n 2. 3, n odd 

n 2:. 3,n odd 

Proof By prop. 4.4 and lemma 5.4 either r = f' = Aoo or one of the principal 
graphs r 1 r' is 

* o-<o>--o · · 

We need only to consider the latter case. It is no loss of generality to assume that 
the above graph is the principal graph r of N c M. We use again the labeling 

where n now is odd, n = 2k + 1. Then 

and G is a matdx with jf even j = k + 3 rows and If odd I = k + 3 columns, e.g. for 
n=5 

(

1 0 0 0 OJ 1 1 0 0 0 
G= 0 1 1 0 0 . 

0 0 1 0 0 
0 0 1 1 1 
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Since the contragredience map 1r : r even -+ r even presesrves distance to *, 1r leaves 
a1, a:a, · · ·, a:n-1 fixed, but could possibly intertwine frn+l and L¥n+3· However the 
computation in the proof of lemma 4.4 (with /s = O'n+l and 12 = an+a), shows 
that 

Hence 1r is trivial. As in the proof of lemma 5.4 we therefore have 

G( G'G- ( G')'G') = 0. 

It is easy to compute that ker( G) is the oneMdemensional subspace of R(r odd) 
spanned by the vector 

1] = O:n+2 - an+4· 

By selfadjointness of G'G- (G')'G' it follows from (•) that the matrix is propor-
tional to the projection P on the one-dimensional subspace of R(reven) spanned 
by TJ· Set L = 2P. Then the entries of L are either +1, -1 or 0. e.g. for n = 5,L 
is the matrix: 

0 
0 
0 
1 

-1 

Hence ( G1 )tG1 
- etc = cL for some c E Z. Moreover, by proposition 2.3 

cL = (G')1(1- 1r')G', 

which is non-negative in the C" -ordering of matrices. Therefore c > 0. The entries 
of the lover-right 2 x 2-block of G'G are all equal to 1. Since ( G')'G' = G'G + cL 
have non-negative entries, we must have either c = 0 or c = 1. If c = 0 we can apply 
lemma 5.2 together with the triple point obstruction as in the proof of lemma 5.4 
to reach a contradiction. Hence c = 1. In the rest of the proof we take as an 
example n = 5, but the proof generalizes trivially to any other odd n 2: 3. From 
the above matrices G and L one gets easily that for c = 1 : 

1 
2 
1 
0 
0 

0 
1 
3 
1 
1 

0 
0 
1 
1 
1 !l (

2 

(G')'G' = 

1 0 0 
2 1 0 
1 3 1 
0 1 2 
0 1 0 

4 < [M : N) < 3 + V2, it follows from lemma 4.3 that the graph r' satisfies 
conditions a), b), c) and d) in lemma 5.1. Hence by lemma 5.1 {1) the map 
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"Y ---+ E-r is a one-to-one correspondence between and the maximal 
subsets of with respect to condition (*) in lemma 5.1. As the rows ahd 
columns in ( G')' G' are labeled by 

&1 &3, &s, &7 and O:g 
(for n = 5), these maximal sets are 

x={&1 ,a3),y={&3 ,&5 }, =={&5,&7 }, w={&5 ,&9 }. 

Hence we may set = {x, y, ::, w} and X (resp y, z, w) is connected 
to 6!1 iff &i is in the set x (resp y,z,w). Moreover from lemma5.1 (2), v(&i)-vt(<ri) 
is the number of sets among x, y, z, w which &i is contained in. Since v(ai) is the 
diagonal element corresponding to &tin (G')tG', we have 

v1 (&1 )=2-1=1 
vr(&,) = 2-2 = 0 
vr(&s)=3-3=0 
v, ( &, ) = 2 - 1 = 1 
v,(iio) = 2-1 = 1. 

Hence &11 iX1 and O:g are each connected to a vertex of i.e. a vertex of 
of valence 1. Therefore f' has the form 

z 
• r' o---<>---Q --0.--<>--«: 

6:1 X &3 Y a, 
w 

For a general odd n 3 the same argument shows that r' has the form: 

• f' ().....--.0.--. ... 

&, 

As the contagredience map O:t ........,. lii 1 i odd preserves distance to the *-points the 
*-point of r' is located at the vertex of r' of valence 1, which is connected to &1. 

Ill 
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Remark 5.6. The contragredience map rr1 
: -J. preserves the distance 

to the *-point, r'. Hence with the following labeling of the vertices 

f' ... o-o---o<: 

we have 7r
1(ai) = = 0,2,···,n -1, and 1r1 leaves the two sets {,81,'/'D and 

invariant. It is easy checked that the equality 

(G1
)

1(1r')G' = G'trG 

is fulfilled if and only if either 

a) n1 interchanges and fixes 
or 

b) 1r
1 fixes and interchanges and 

Moreover, in both cases the other equality in Prop.2.3: 

trG(G') 1 = G(G')1tr' 

is also fulfilled. It can be shown that only case b) can occur, but the proof involves 
a computation of the full table of ''fusion rules, on i.e. the multiplication 
table for the tensor products of the Hilbert bimodules coming from For 
n = 3 the proof is elementary. In this case and are the vertices of 
for which the Perron-Frobenius are 1. Therefore form a 
group of three elements with identity As the two non-zero elements of Z3 are 
inverses of each other, it follows that we are in case b). 

§6. Excluding n = 1 (mod 4) 
Let N c M be an inclusion of II1 -factors of finite index, and let r and P be 

principal graphs of N C M and M C M1 . As in section 2, we let a denote the 
bimodule 

we identify r even (resp. r odd, with a set of irreducible N -N (resp. 
, M-M, M-N) Hilbert bimodules. Consider the Z-modules 

Z(f .,,.), Z(r odd), 
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of formal Z-linear combinations of the sets indicated in the brackets. Then the 
product of Hilbert bimodules7= pHQ, {, =QHR, P,Q,P E {M,N} defined by 

extends to a bilinear product 

Z(·) X ZH __, Z(·. ·) 

for matching choices of . , .. and ... among r CVC[\1 r odd l and In this 
way we can for every polynomial q(t) with coefficients in Z, define elements, 

q(<>&) E Z(fm.,), 
q(&<>) E 
aq( &a) = q( a& )a E Z(f odd), 
&q(a&) = q(&a)& E 

As in section 2, .6.r and .6.r• denote the adjacency matrices of r and f', and 
* = £N, *'=EM are the trivial N-.1\T and J.\tf-Jvi bimodules. 

Le1n111a 6.1. 
1) If p(t) = q(t2 ) is an even polynomial in t with integer coefficients. Then the 
following 3 conditions are equivalent 

a) q(aii) = 0 and q(ii<>) = 0 
b) • E and •' E 
c) = = 0. 

2) If p(t) = tq(t2 ) is an odd polynomial in t with integer coefficient. Then the 
following 6 conditions are equivalent 

a) aq(iia)=O. 
b) • E ). 
c) = 0. 

Proof 

a') iiq( ctii) = 0. 
b') •' E ). 
c') = 0. 

1) Note that can be considered as a Z-linear map Z(f) _, Z(r) with matrix 

Thus .6-f. leaves Z(f even) and Z(r odd) invariant and the corresponding matrices 
are 

= GG' and = G'G. 



33 

Hence 6.f is given by right multiplication by a:O: on Z(feven) and by right mul-
tiplication by eta: on Z(f odd). Similarly 6.f, is given by right multiplication by 
&a on and by right multiplication by a& on Therefore a) => c). 
Obviously c)=> b), and b)=> a) is clear, because 

2) The contragradience map extends to a Z-linear bijection of Z(f odd) onto 
Therefore a){::} a'). Hence by symmetry, we only need to check, that a), b) and c) 
are equivalent. For every k E N0, maps Z(feven) into Z(fodd) and Z(fodd) 
into Z{feven)· Moreover on Z(feven), the map is given by right multiplication by 
a(aa)k and on Z(fodd), it is given by right multiplication by a(cdqk. From this 
one gets easily that a) together with the equivalent condition a') implies c). c) ;;::;} 
b) is trivial and b) '* a) follows from 

end of proof of Theorem l.l. 
Let N C lvf be an irreducible inclusion of II1-factors of index in the interval 
4 < [M : N] < 3 + .;2. By prop. 5.5 the principal graph of either N C M or of 
M C M, is 

' r: 
n 

for some odd n 2 3. To complete the proof of theorem 1.1 we have to show 
that n = 3 (mod 4). As in [S] we let be the sequence of polynomials 
defined recursively by 

Ro(t) = 1, R1(t) = t, 
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Fort= 2cos8, Rn(2cos8) = n = 0,1,2, .... Let us label the vertices 
of r in the following way. 

Using the recursion formula for (Rn(t)):=I we get 

and 

Hence, if we set 

then 

Rn+1 (b.r )( *) = /31 + /1 
Rn+>( b.r )( *) = /3z + /2 + <>n 
R,.+3(b.r )(•) = [3, + /3 + /31 + /1 + <>n-1 
Rn+4( b.r )( *) = /3z + /2 + 2<>,. + <>n-2 

P,.(t) = RnH(t)- R,.+,(t)- R,.(t)- Rn-2(t) 

P .. (t.r)(•) = 0. 

Note that since n is odd, Pn(t) is an odd polynomial so by lemma 5.1, Pn(D..r) = 0. 
Consider now the vector 17 E R(r} given by 

1) =./31 + h/3, + [3,- 71- ,rz,, _,,. 
Then it is easily seen that 17 is an eigenvector for .6.r with eigenvalue v'2. Moreover 

Therefore 

{ 
v'z, k=l (modS) 

Rk(h)= -h, k=5 (modS) 
0, k = 3, 7 (mod 8) 



and hence, 

which shows that 

{ 
-zvz, 

Rn(VZ) = +2VZ, 
0, 

n=l (mod 8) 
n=5 (modS) 
n = 3, 7 (mod 8) 

Pn(tlr = -2VZ17, n = 1 (mod 8) 

Pn(tlr = +2VZ77, n = 5 (mod 8) 
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Therefore P(.6.r) f: 0, when n = 1 (mod 4), and we have reached a contradiction 
in this case. Hence n = 3 (mod 4). 

Remark 6.2. The proof given above to exclude n = 1 (mod 4) can be considered 
as a refinement of the algebraic proofs given independently by [I] and [Su V] for 
excluding Dn, n odd, as a principal graph. Indeed this can easily be proved by 
use of lemma 6.1: 

First observe that if r = D,, then r' = D,., because llf'll 2 = 11r112 , so the 
A.-D-E-classification of graphs of norm less than two, together with the equality 
If odd I = I excludes all other possibilities. Set n = m + 3, and assume that 
n is odd (equivalently m is even). As the *-point must be located at the vertex 
of lowest weight for the Perron-Frobenius vector, the *-point is at the end of the 
"leg" of length m in both r and r'. It is now easy to check that 

(R,.+2(Clr)- R,.(Clr))(*) = 0 

As the same equality holds for .6.r', we get from lemma 6.1 (1) that 

Rm+2(Clr)- R,.(Clr) = 0. 

However, the vector 17, that takes the values +1 and -1 at the end of the two legs 
of length 1 in Dn+3, and 0 otherwise, is an eigenvector for .6.r with eigenvalue 
0. Hence, by the recursion formula for (Ru(t)):'=o' Ru..(.6.r)1J = (-l)k1J, which 
shows that 

when m is even, and we have reached a contradiction. 

Lemma 6.1 cannot be used to exclude the graph E7 as a principal graph; but is 
easy (and well known) observation that E7 can be excluded by the 2cos .;-rule 

e.g. [I, p.967]). 
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§7. Announce1nent of further results. 

With minor improvements of the techniques used to prove Theorem 1.1, we 

have been able to extend the "at most list" of principal groups up to index 3 + va. 
The result is: 

Let N C lVI be an irreducible inclusion of 111-factors of index in the interval 

4 < [M : NJ < 3 + ,;3. Then the unordered pair (f, f 1 ) of principal graphs for 

N C M and M C M1 =< M, eN > is one of the following: 

(1) f = f' = Aco 

n = 3 (mod 4) 
(2) 

* f' 

n = 3 (mod 4) 

r * 

(3) 

f' 



37 

r 
r // 

* .. , ... 
0 

n 3 (mod 6) ( 4) 

r' 

n 3 (mod 6) 

Numerically, [M: N] t(5 + M),::, 4.56155, in case (3), and in case (4), the 
corresponding sequence of indices starts at t(7 + J5) = 4.61803 for n = 3 and it 
converges rapidly to :::::::: 4.65897 for n - oo. 

It can be shown, that in the cases (2), (3) and ( 4) the contragredience maps n 

and n 1 are uniquely determined from the pair of graphs. Moreover, there is up to 
isomorphism only one commuting square of multi-matrix algebras Ao, A1, Eo, B1 
of the form. 

(G')' 
Eo c B, 

"G u u (7r'G')' 
Ao c A, 

G 

for any given dimension vector on A0 . Hence by the generating property for finite 
depth subfactors ([01], [P1]), there is up to conjugacy at most one subfactor of 
the hyperfinite ll1 -factor for each of the graphs listed in case (2), (3) and ( 4). The 
main problem now is to prove the existence of subfactors with the graphs listed in 
(2), (3) and (4) as principal graphs. So far we have only managed to do this for 
n = 3 in case (2), i.e. we have shown: 

There are precisely two conjugacy classes of finite depth subfactors of the 
hyperfinite ll1-factor with index t{5+Ji3), and the corresponding principal graphs 
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* and 

The proofs of the results listed in this section with be given elsewhere. 
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