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1 Introduction

Fixed point problems consist of determining conditions such that a function f from a
space E to itself has a fixed point: a point x € E such that f(z) = x. The condi-
tions can involve both the space F and the function f. These problems often provide
interesting connections between several areas of mathematics, such as analysis, topology
and differential equations, with widespread applications. The aim of this paper is to
provide an accessible exposition of the proofs of two significant fixed point theorems:
the Markov-Kakutani fixed point theorem and the Kakutani fixed point theorem, and
to briefly explore some of their applications to other areas of mathematics.

2 Statement of the theorems

Definitions of terms used in each of the following theorems can be found in section 3.

Theorem 1 (Markov-Kakutani). Let E be a Hausdorff topological vector space, C a
nonempty compact convex set in . Suppose that I' is a set of continuous maps of C' to
itself satisfying the following conditions:

(a) The set T is a family of continuous affine transformations ¢: if p €T, x,y € C,
and « and B are two positive real numbers satisfying o+ 5 =1, then

Plax + By) = ad(z) + Bo(y).

(b) The set T is abelian, in that for every ¢, € ', and every x € C, we have

¢ (V(z)) = ¢ (d(x)).
Then there exists a point xg € C such that ¢(x9) =z for all ¢ € T.

This theorem was originally by Markov, with an alternative proof provided in 1938 by
Kakutani [6]. In 1941, Kakutani extended the theorem to set-valued functions ® from a
set to its power set:

Theorem 2 (Kakutani 1941). Let ® be an upper semi-continuous point-to-set mapping
of a nonempty bounded closed convez set S in a Fuclidean space to its power set 2° such
that ®(x) is non-empty, closed and convex for all x € S. Then there exists some xg € S
such that xg € ®(x0).



The need for a Euclidean space E in Kakutani’s theorem is due to the use of Brouwer’s
theorem (stated in section 3) in the proof. An extension to a more general topological
space is provided in section 5.

There are many variants of fixed point theorems (FPTs) each with different strengths.
The Markov-Kakutani theorem is powerful in that it determines a single fixed point for
a whole family of functions, while theorems such as the Schauder-Tychonoff fixed point
theorem determine conditions on the space such that the restriction on the function
is minimal, namely that we only require the function f to be continuous. Spaces such
as those defined in the Schauder-Tychonoff theorem are said to possess the fixed point
property. For the sake of interest only (the proof will not be covered here), the statement
of the Schauder-Tychonoff theorem is as follows:

Theorem 3 (Schauder-Tychonoff). Let E be a Hausdorff locally convex topological vec-
tor space, C' a nonempty compact convex subset of E, and [ a continuous map of C into
itself. Then f admits at least one fixed point.

3 Brouwer’s fixed point theorem and definitions

Theorem 4 (Brouwer [1]). Let f be a continuous mapping of the closed unit ball B;(0)
in a Buclidean space to itself. Then there exists a point x € B1(0) such that f(z) = x.

Indeed, this holds for any convex, compact set of a Euclidean space. The theorem
originally arose in a purely topological context, and many of its proofs require a level
of algebraic topology beyond the scope of this paper. However, a simple special case of
the theorem where we take the interval [0, 1] in the real numbers and f any continuous
function from the interval to itself can be proved by applying the intermediate value
theorem to the continuous function ¢ defined by ¢(z) = f(x) —x on [0,1]. Brouwer’s
theorem is assumed in the following proofs. The two FPTs considered in this paper are
notable in that they extend Brouwer’s finite-dimensional theorem to infinite dimensions.

Definition A set S is convez if for every z,y € S ax + By € S for all a, § € [0, 1] with
a+ =1

This definition corresponds exactly with our intuitive idea of convexity, where any line
segment joining two points in a set is contained within the set. The definition clearly
extends by induction to a set of n points z; in S, and positive reals o; such that Y ;" | o =
1 so that )", ax; € S.

Definition A point-to-set mapping, or set-valued function, is a function that to every
point in its domain associates a set of points.

Definition A set-valued function ® : S — R(S) where R(S) denotes the set of all closed
convex subsets of S, is upper semi-continuous if given sequences (x,) and (y,) converging
to zo and yg respectively and y,, € ®(z,,) for each n implies yy € P ().



4 Proof of the Markov-Kakutani theorem

The following proof was originally outlined by Kakutani in [6].

Proof. The main idea of the proof is to construct the following family of funtions on the
compact and convex set C:

1
U:{un:C’—>Edeﬁnedbyun:ﬁ(1+u+...+u”_1):nGN*,uGF}.

We then define I'* = {v =[]/, ugj) :ul) € U,nj,m € N*}. Here, the product signifies
successive compositions of elements in U.

Then we have the following facts:

(i) The functions u,, map C into itself. This is due to the convexity of C and the weighting
of the v, which by assumption map C into itself, in the sum.

(ii) The elements of I'* are affine functions. This is an immediate consequence of the
fact that the elements of I' are affine.

(iii) I'* is abelian. This is due to I" being abelian.

(iv) The elements of I'* map C into itself. This follows from (i) and the fact that each
element of I'* is a composition of elements from U.

(v) If v, v" and v are elements of I'* such that v = v’ 0 v” = 0" 00/, then v(C) C v'(C)
and v(C) C v"(C), so in particular, v(C) = (v 0 v")(C) C V'(C) NV"(C).

(vi) For every element v of I'*, v(C) is compact. This follows from the continuity of
elements of I' and the compactness of C.

We now consider the sets v(C') for each element v of I'*. The following lemmas enable
us to determine the fixed points of the family T'.

Lemma 1. Finite intersections of the v(C') are nonempty.

Proof. This is shown by finite induction on the number of elements v(C') in the inter-
section. Each v(C) is non-empty for v € I'*.

The case n = 2 was considered in (v), since for any elements vy, vy € I'*, v1(C)Nv2(C) D
(v1 0v2)(C), and vy 0 v is an element of I'*, so (v1 0 v2)(C) is nonempty.

Now suppose that for n € N, each intersection of n elements v, ..., v, of I'* is nonempty.
Consider any n+ 1 elements vy, ..., v, of I*. The intersection ()}, v;(C) is non-empty,
so N vi(0) = (N, vi(C) Nns1 D (V1va ... vpr1)(C), since vy ... vp4q is a finite
product of elements from I'*, so is itself an element of T'*.

Thus /' v;(C) D (v1vg ... v,41)(C) is nonempty, and by induction every finite inter-
section of the v(C') for v € I'* is nonempty. O

We say that the family ¥ = {v(C) : v € I'*} has the finite intersection property (FIP),
namely that every finite subset of ¥ has nonempty intersection. We use the following
lemma to show that the intersection of all v(C') over all elements of I'* is nonempty.

Lemma 2. All sets X of closed subsets of a topological space X with the finite intersection
property are such that the intersection of all elements of ¥ is nonempty if and only if X
18 compact.



Proof. Let X be a compact topological space and ¥ some collection of closed subsets of
X with the FIP.

Suppose I := (), ¢y 0 is empty. Then I¢ = (N, c5 0)° = Uyex 0¢ = X. Since each 0 €
is closed, o€ is open, so I¢ forms an open cover of X. The space X is compact, so [¢
admits a finite subcover J = |J;_; o; of X. But then J¢ = (U§:1 Uj)c =Ny (gj‘?)c =
Nj=10;j = 0. This contradicts the assumption that ¥ has the FIP.

Conversely, let X be a topological space such that every collection of closed subsets X
with the FIP has nonempty intersection, and suppose that X is not compact, so there
exists some collection of open sets O = {X) : A € A} for some index set A that forms
an open cover of X: (J,c, X\ = X such that for all finite subsets J of A, U;c; X; & X.
For each A € A, we have that X§ is closed, so that L := {X§ : X, € O} is a collection
of closed subsets of X. The set L has the FIP, since for any finite subset J of A,

4
mjeJ X = <Uj€J Xj) , which is nonempty given UjeJ X; is a proper subset of X for
all finite subsets J C A. Thus, the intersection of L is nonempty: (Nycp X5 # 0, so
(ﬂ/\eA Xf\)C = Uyea X1 # X. This contradicts the assumption that O is an open cover

of X. Therefore X is compact.
O

Here, E is Hausdorff, and each v(C) is compact (by (vi)), so in particular the v(C') are
closed, and 3 is a set of closed sets in the compact set C' with the FIP. Therefore by
lemma 2, the intersection of all the v(C') is nonempty, and contains at least one point
xg. The claim is that this element xq is a common fixed point for all elements u of I'.
Since each u, is an element of I'* for every u € I" and every natural number n, there
exists an element y € C such that

x = %(y+u(y)+-~-+U” "))

for each v and n. Then

(o) = —(uly) +42(0) + .+ ()

since u is affine, and we have

u(ro) 0 = - (u"(y) ~y) € (O~ C).

Here, for any sets U and V, U + V (respectively U — V') denotes the set {u +v : u €
U,v € V'} (respectively {u —v : u € U,v € V}). Similarly S = {fs : s € S} for any
constant 5. We digress briefly to make the following definition:

Definition A subset S of a vector space E over the field F of real or complex numbers
is balanced if for all s € S and all @ € F such that |a] <1, as € S.

Intuitively, this means that the set S has no holes: all balanced sets must contain 0, and
every point on the line joining any element s of S and 0 must also be contained in S.



Now we let V' be any balanced neighbourhood of 0, and W some balanced neighbourhood
of 0 such that W+ W C V. The set C —C is compact by compactness of C', so the cover
{x+ W},co—c admits a finite subcover {z; + W}. The convex set C' — C contains 0, so
it is balanced, the map defined by multiplication by a real scalar is continuous, and by
definition of a neighbourhood, W contains some open set containing 0, so in particular
W contains some ball of radius € > 0 about 0. Therefore there exists for each k some
ak € (0,1] such that axy € W. Taking o = ming{ay}, axy € W for all k.
Thus a(C—C) C W+aW C W+W C V. Setting 2 < «, we have that u(zo) —z¢ € V,
for any V a neighbourhood of 0.
Therefore u(zg) — z¢ = 0, as required.

O

The Markov-Kakutani theorem can in fact be extended to cases where I' is no longer
abelian, as seen in the following corollary.

Corollary 1. Let E and C be defined as in the Markov-Kakutani theorem, and I' a
family of continuous affine functions as in condition (a) of the theorem. Suppose further
that there exists a natural number m and subsets I'; with 0 < i < m of I' such that

{I} =T, cl'y.1C...cly=T,

where I is the identity map on C and for each pair of elements u, v in I';_1 there exists
an element w of I'; such that uov =vouow.
Then there exists a point xo of C such that u(xy) = x¢ for all u in T.

Proof. 1f we let m = 1, then we have the chain {I} = 'y C T, such that every pair of
elements u, v in I" there exists an element w of {I} such that uov = vowow, but since
I is the identity on C', w = 1, and I is abelian, so we are in the case of theorem 1, which
has already been shown. We proceed by induction on m.
Suppose now that the corollary holds for some natural number m.
Consider some sequence {I} ="y, 41 C 'y, C ... CT'; C Iy =T satisfying the properties
in the statement of the corollary. Then by assumption, the corollary holds for I'y, so
that the set F' of fixed points of the functions in I'y is nonempty. Since every u € I is
continuous and FE is Hausdorff, the set of fixed points F' is closed. Furthermore, F' is
convex since every u € I is affine. Therefore F' is compact, by compactness of C.
Now let v and v be elements of I'. By the assumption on the chain of I';, there exists
some w € I'; such that wov = vowuow. Thus for any x € F, uov(z) = vou(x) since
F is by definition the set of points where w(xz) = z. Therefore, when functions in I" are
restricted to the set F', they commute in pairs.
In fact, given that I'y C T', the same equality holds taking any v € 'y, so that vou(z) =
uwowv(x) = u(z) for any x € F. Thus, for any = € F, u(z) is a fixed point for v € T';.
This holds for any such v, so u(F) C F. We are now back in safe territory, within the
case m = 1. Therefore there exists some zg € F' C C such that u(xg) = zo for all u € T.
O



There are two significant cases when the conditions on the family of functions I' in the
corollary are satisfied:

(1) If T is an abelian semigroup of continuous functions from C into itself containing the
identity, where a semigroup satisfies all the axioms of a group except for the existence
of inverses. Indeed, we are again in the case m = 1 (where m is the number of elements
in the chain of subsets of I between I and T'), thereby fulfilling the conditions of the
theorem.

(2) If T is a solvable group of bijective maps on C, where a solvable group is such that
there exists a chain of subgroups I'; as specified in the corollary, where I';;; is a normal
subgroup of I'; and I';/T';4; is abelian.

5 Proof of Kakutani’s theorem

Some details of the proof have been omitted, though all the general steps used in Kaku-
tani’s proof [7] are provided here. For further explanation, see [5]. We first suppose that
the set S is an n-dimensional simplex (defined below), then extend S to the general case
in the statement of the theorem.

Definition An n-dimensional simplex in R™ defined by the n + 1 points uy, ..., u, and
denoted S = (ug, ..., u,) is the smallest convex set containing the n + 1 vertices. Thus
S ={x="0u+...+0,u, :0; >0for 0<i<k, Y ,0; =1} The §; are called the
barycentric coordinates of the point z in S.

Concretely, this should just be thought of as an n-dimensional generalisation of a triangle,
which is a two-dimensional simplex.

Definition The barycentre of an n-dimensional simplex (ug, ..., u,) is the point

Definition We define the barycentric subdivision of an mn-dimensional simplex into
(n 4+ 1)! simplices of the same dimension by induction on n.

For n = 0, the simplex consists of a single point, and is its own barycentre, so it is
already subdivided.

For n = 1, (xg,x1) is simply a line segment, and we subdivide it into the two one-
dimensional simplices (zg, z) and (z, x1) where x is the barycentre of the simplex (xg, z1).
Then for n € N*| given the subdivision on each (n — 1)-dimensional face of a simplex
S, we form the (n + 1)! n-dimensional simplices (zo,...,Z,—1, ), where the x; are the
vertices of one of the cells in the subdivision of the faces and z is the barycentre of S.
Iterating the construction of the barycentric subdivision m times, gives the mth barycen-
tric subdivision.



Proof. Step 1 Suppose S is an n-dimensional nondegenerate simplex (vp,...,v,) and
consider the mth barycentric subdivision of S. We define the continuous function
f™:S — S by f™(x) =y where y is some element in ®(z) if = is a vertex of one of the
simplices in the subdivision. Otherwise, z is in at least one simplex of the subdivision,
say with vertices (xo, ..., zy), so that z = Z?:o 6;x;, where the 6; are as in the definition
of a simplex. In this case we define y = Z?:o 6; f"(x;). From this construction, we can
now apply Brouwer’s theorem to f , remembering that F is a Euclidean space, so there
exists some element of S, say 2™, that is a fixed point of f™. There are two possible
cases:

1) 2™ is a vertex of the subdivision, in which case f™(2") = z™ € ®(z™) by construction
of f™, so we are done.

2) If 2™ is not a vertex, then 2™ = > " 07'y7", where we have the usual restrictions

Jj=0"]
on the §7" and (Yo" ..., y) is a simplex containing z™. Furthermore, since 2" is a
fixed point of the function f™, we have that 2™ = f™(2™) = > 1_, 072", where 2™ =

™) € ®(y]"). Since S is compact in the Euclidean space E, we also have sequential
compactness, so letting m — oo, there is some subsequence (my) of (m) such that
2™ — 2, 05" — 05 and 2™ — z;. As m tends to infinity we are shrinking down
elements of the subdivision to points, so that zjm’“ — z and we have z = Z?:o 05z,
where the 6; still give a convex weighting of the vertices z;. Finally, since ® is upper
semicontinuous, the z; are elements of ®(z). Using convexity of ®(z), we therefore have
that z, a convex linear combination of the z;, is an element of ®(z), and z is a fixed
point for P.

Step 2 Given an arbitrary nonempty bounded closed convex set S in E, we simply
consider a simplex S’ containing S in E, and define the retraction mapping v : S’ — S’
such that 1 restricted to S is the identity, and ) is continuous. Then defining the set-
valued function U — 25 by ¥(x) = ®(1)(x)), we can now apply step one to ¥, knowing
that any fixed point of ¥ must be an element of S since ¢(x) € S. Therefore we have a
fixed point of ® as required. O

Furthermore, Kakutani’s theorem can be generalised to the infinite dimensional case, so
that it applies to more general topological spaces, as in the Markov-Kakutani theorem.
The extension was given by Fan [3] and Glicksberg [4]:

Theorem 5 (Kakutani-Fan-Glicksberg). Let S be a nonempty compact convex subset of
a locally convex Hausdorff topological vector space. Let ® : S — 25 be an upper semi-
continuous point-to-set function such that for every x in S, ®(x) is a nonempty closed
convex subset of S. Then ® has a fixed point in S.

The definition of upper-semi-continuous functions is somewhat different in this case,
as we are no longer in a Euclidean space so first-countability is no longer assured, and
we might not be able to consider sequences converging in S. For further details, refer to
[3] or [4].



6 An application of fixed point theorems

Fixed point theorems have proven to be very useful in many areas of mathematics.
Theorems such as the Schauder-Tychonoff theorem have been used extensively in proving
the existence and uniqueness of solutions to differential equations. The outreach of
Kakutani’s theorem is particularly wide, from proofs of the existence of the Haar measure
to proofs in game theory and economics, which will be considered briefly here.

In 1950, John Nash proved the existence of the Nash equilibrium in game theory, using
Kakutani’s fixed point theorem [8]. He considered the case of an n-person game, wherein
each of the players has a finite set of pure strategies from which to choose with each
n-tuple of strategies corresponding to a definite pay-off. Each such n-tuple can be
considered as a point in the product space consisting of the n strategy spaces of each of
the players. One point P counters another point Q if the strategy of each player in P
is the best choice of strategy against the n — 1 other strategies in Q. A self-countering
strategy n-tuple, wherein each player has the best possible strategy against all other
players, is called a Nash equilibrium point. Kakutani’s fixed point theorem proves the
existence of such an equilibrium, since the correspondence of the strategy to the convex
set of all possible countering strategies is a point-to-set mapping of the product space to
itself, and the pay-off funtions are continuous, so the mapping is upper semi-continuous.
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