Overview

Yesterday we introduced equations to describe lines and planes in R3:
er=rg+tv
The vector equation for a line describes arbitrary points r in terms of
a specific point rg and the direction vector v.
en-(r—ry)=0
The vector equation for a plane describes arbitrary points r in terms
of a specific point rg and the normal vector n.

Question

How can we find the distance between a point and a plane in R3? Between
two lines in R3? Between two planes? Between a plane and a line?

(From Stewart §10.5)
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Distances in R3

The distance between two points is the length of the line segment
connecting them. However, there's more than one line segment from a
point P to a line L, so what do we mean by the distance between them?

The distance between any two subsets A, B of R3 is the smallest distance
between points a and b, where aisin A and b is in B.

@ To determine the distance between a point P and a line L, we need to
find the point @ on L which is closest to P, and then measure the
length of the line segment PQ.

This line segment is orthogonal to L.

@ To determine the distance between a point P and a plane S, we need
to find the point Q on S which is closest to P, and then measture the
length of the line segment PQ.

Again, this line segment is orthogonal to S.

In both cases, the key to computing these distances is drawing a picture
and using one of the vector product identitites.
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Distance from a point to a plane

We find a formula for the distance s from a point P; = (x1, y1,21) to the
plane Ax+ By + Cz+ D = 0.

Let Py = (X0, Y0, 20) be any point in the given plane and let b be the
vector corresponding to PyP;. Then
b= (x1 —x0,y1 — Y0,21 — 20)-

The distance s from P; to the plane is equal to the absolute value of the
scalar projection of b onto the normal vector n = (A, B, C).
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s = |comp,b|

|nb|

[In]|
_ AGa —x0) + By1 — o) + C(z1 — 20))|
- VR LB L C
_ |Ax1 + Byr + Cz1 — (AX() + Byp + CZo)|
B N7

Since Py is on the plane, its coordinates satisfy the equation of the plane
and so we have Axg + Byg + Czp + D = 0. Thus the formula for s can be
written

. |AX1 + Byr + Cz1 + D|
VA2 + B?+ C?
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Example 1

We find the distance from the point (1,2,0) to the plane
3x —4y —5z—-2=0.

From the result above, the distance s is given by

s |Axo + Byo + Czo + D|
VA% + B2+ (C?

where (xo, yo,20) = (1,2,0),
A=3,B=—4C=-5and D= 2.

This gives
3-14(—4)-24(=5)-0—2
N 32+ (—4)2 + (-5)?
T T T2
VB0 5v2 10
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Distance from a point to a line

Question

Given a point Py = (xo, 0, 20) and a line L in R3, what is the distance
from Py to L?

Tools:
@ describe L using vectors

o |lux v = {lul[[v]|sin 6
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Distance from a point to a line

Let Py = (X0, Y0, 20) and let L be the line through P; and parallel to the
nonzero vector v. Let rg and r; be the position vectors of Py and P
respectively. P, on L is the point closest to Py if and only if the vector
P> Py is perpendicular to L.

The distance from Py to L is given by

_— —_— . .
S = HP2P()|| = ||P1P()|| sinf = ||I‘0 — r1|| sin 6
where 0 is the angle between ro —r; and v
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Since
[[(ro = r1) x v|| = [[ro — r1[|[|v[| sin 6

we get the formula

s=|lro —r1|| siné
_[l(ro— ) x v

[Ivl]
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Example 2

Find the distance from the point (1,1, —1) to the line of intersection of
the planes

X+y+z=1 2x—y—-5z=1.

The direction of the line is given by v = ni xny where n; =i+ j+ k, and
ny = 2i — j — 5k.

v=n;xny = —4i+7j— 3k.

P1=(1,-1/3-,1/4)

Po
—_— -

In the diagram, P; is an arbitrary point on the line. To find such a point,

put x = 1 in the first equation. This gives y = —z which can be used in
the second equation to find z = 1/4, and hence y = —1/4.
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Here P1Pp =1y —r1 = %j — %k. So
[|(ro — r1)xv]|
[Iv]
[1(33 — 3k)x(—4i + 7j — 3k)||
V(=42 +72 + (=32
||5i + 5j + 5k||
N

75
74
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Distance between two lines

Let L1 and Ly be two lines in R3 such that
- Ly passes through the point P; and is parallel to the vector v;
- Ly passes through the point P, and is parallel to the vector vs.

Let r; and rp be the position vectors of P; and P, respectively.
Then parametric equation for these lines are

L1 r=ry+ tvy

Ly F=1ry+ sv

Note that r, — r; = FJ:’Z

We want to compute the smallest distance d (simply called the distance)
between the two lines.

If the two lines intersect, then d = 0. If the two lines do not intersect we
can distinguish two cases.
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Case 1: L; and L, are parallel and do not intersect.
In this case the distance d is simply the distance from the point P, to the
line Ly and is given by

—
g = 1PiP2 vl I(r2 — r1) X vi]
[Ival] [Ival]
Ly
L,
ra
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Case 2: [; and L, are skew lines.

If P3 and P4 (with position vectors r3 and rs respectively) are the points
on L1 and L, that are closest to one another, then the vector P3P, is
perpendicular to both lines (i.e. to both v; and vz) and therefore parallel
to vi X vo. The distance d is the length of P3P;.

Now P3P, = rq — r3 is the vector projection of P;P; = ry — ry along

Vi X Vo.

Thus the distance d is the absolute value of the scalar projection of r; — 1y
along vi X vy

|(r2 —r1) - (v1 X v2)|
[lv1 x val|

d=llrs—r3|| =

Observe that if the two lines are parallel then v; and vy are proportional
and thus vi x v = 0 (the zero vector) and the above formula does not
make sense.
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Example 3
Find the distance between the skew lines

x+2y=3 and X+y+z=56
y+2z=3 x—2z=-5

We can take P; = (1,1,1), a point on the first line, and P, = (1,2,3) a
point on the second line. This gives r, —r; = j + 2k.
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Now we need to find vy and vs:
vy = (i +2j)x(j + 2k) = 4i — 2j + k,
and
vo = (i+j+k)x(i—2k)=—-2i+3j—k.

This gives
viXvy = —i+ 2j+ 8k.

The required distance d is the length of the projection of rp — ry in the
direction of vy xvy, and is given by

|(r2 — r1)-(vixv2)|
[[v1xval|

|G + 2k)-(—i + 2j + 8k)|
(—1)? +22 +82

d =

PG
O
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