Some Revision Questions, Solutions

1. Consider the following two bases for R?

o-fon[Go- [} e fo-[3) - [5))

Find the change of coordinates matrix from B to C.

Solution. The change of coordinates matrix from B to C is the matrix

ch: Hbl]c [b2]c} :

(To remember this formula keep in mind that you want to pass FROM
B-coordinates TO C-coordinate so you need to know the C coordinates
of the vectors by, by.)

Thus we have to find the coordinate vectors of by and by in the basis C.
For this we have to solve the two vector equations

r1C1 + Toco = by (that will give the coordinate vector [il} = [bi]c)
P

and

y1€1 + yo€2 = by (that will give the coordinate vector [le = [ba]e).
2
Each vector equation above gives a system of two linear equations in two
variables. Since the two systems have the same coefficient matrix (the
2 X 2 matrix [ ¢; cq |) we can solve these two systems at the same time
by row reducing
—6 2
-1 0

(the “new” basis is on the left and the “old” basis is on the right). We

have
2 6]—6 2 . 1 3/-31 N 1 3|-3 1 N 1 0 9 =2
-1 =2|—-1 0 —1 =2|—-1 0 0 11—4 1 0 1]—-4 1

Thus £, = [[bi]c [bac] = { _Z _f ]
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2. Find the eigenvalues and eigenvectors for the matrix

3 -2 8
A=10 5 =2
0 —4 3

Determine if A is diagonalisable, and if so find an invertible matrix P
and a diagonal matrix D such that A = PDP!.

Solution
The characteristic equation for A is

0 = B=A{G-XNB-X) -8}
(3—=XN{15 —8Xx+ ) \* -8}
(3= M{7 -8\ + )}
B=MT=A(1=A)

So the eigenvalues of A are 1, 3 and 7. Since A has three distinct eigen-
values, A is diagonalisable. To find the invertible matrix P we need to
find the eigenspaces of A.

2 -2 8
Ey=Nul (A—TI1)=Nul [0 4 -2
0 —4 2
1 -1 4 10 7/2
=Nul |0 1 —1/2{ =Nul |0 1 —1/2
0 0 0 00 O
—7/2 —7
So a basis for Fy is | 1/2 | or to make calculation easier, | 1
1 2
0 -2 8
E;=Nul (A—3I)=Nul |0 2 -2
0 -4 0
01 —4 010
=Nul [0 1 —1]| =Nul |0 0 1
01 0 000
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1
A basis for E3is [0f.

0
—4 -2 8]
EF;=Nul (A—-7I)=Nul |0 -2 -2
0 —4 —4
1 1/2 =2 10 —5/2_
=Nul |0 1 1 | =Nul |0 1 1
0O 0 O 00 0 |
5/2 [ 5
A basis for F7 is | —1 |, or to make calculation easier, | —2|.
1 | 2
From these calculations the matrices P and D are
-7 1 5 1 00
P=11 0 -2, D=1|[030
2 0 2 007

Note that the matrix D depends on the order in which the eigenvectors
are used in P.

To check the answer we show that AP = PD:

3 -2 8 1[-71 5 ~7 3 35
AP=10 5 —=2||1 0 —2|=|1 0 —14],
0 —4 3|2 0 2 2 0 14
~71 57100 ~7 3 35
PD=1{1 0 -2/ (03 0/=|1 0 14

2 0 2|00 7 2 0 14

3. Find all the real values of k£ for which the matrix A is diagonalisable.

0 10 k
0], (@) A=|010
1 00 1

Solution



(i) Since A is an upper triangular matrix we can see that the eigenvalues
of A are 1 and 2. For A to be diagonalisable we need

dimE1 +dimEg = 3,

where E7, E5 are the eigenspaces associated with the eigenvalues 1
and 2 respectively. Since 2 has multiplicity 1 we know that dim Fy =
1. Since 1 has multiplicity 2 we know that dim F; can be 1 or 2.
Thus for A to be diagonalisable we need dim E; = 2. We need to
check the dimension of FEj.

0k 0 010
Ey=Nul (A—I)=Nul [0 1 0| =Nul [0 0 0
000 000

for any real number k. Since there are 2 free variables (z; and z3),
Ei has dimension 2 for any real number, K and A is diagonalisable
for any real number k.

(ii) Again A is upper triangular and has eigenvalue 1 with multiplicity
3. For A to be diagonalisable we need dim E; = 3. So we check the
dimension of the eigenspace FEj:

00 k
Ey=Nul(A—I)=Nul [0 0 0
000

If £ is non-zero the dimension of E; is 2, and A is not diagonalisable.
If k=0, E; has dimension 3 and A is diagonalisable.



4. Show that the matrices A and B are similar by showing that they are
similar to the same diagonal matrix. Then find an invertible matrix P

such that P~*AP = B.

SRl B O

Since A is upper triangular we can see that the eigenvalues for A are 3
and —1.

The characteristic equation for B is

0=(1-XN)(1-A)—4=1-22+X-4=X1-21-3=(A-3)(\+1).

Solution

Thus the eigenvalues of B are 3 and —1 and both A and B are similar

to the diagonal matrix D = [g _01] :

We now find an invertible matrix P, such that A = PLDP; L or equiva-
lently D = P, 'AP;. To do this we find the eigenvectors for A:

0 1 01
F3 = Nul (A —3I) = Nul [0 _4]—Nu1 [0 0].

A basis for E3 (for A) is B] :

B = Nul (A+1) = E é]

A basis for £y (for A) is [ L ], and we can take P = [1 L }

—4 0 —4
We now find an invertible matrix P» such that B = PQDP2_1 or equiva-
lently D = P, 'BP,. To do this we find the eigenvectors for B:

-2 2 1 -1
Eg—Nul(B—3I)—Nu1[2 _2]—Nu1 [O O]

A basis for 5 (for B) is [ﬂ .

2 2 11
E_1=Nul (B+1I)=Nul [2 2] = Nul [0 0].
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~1 1 -1
We now have that D = P/ 'AP; and D = P, ' BP,, so that

A basis for E_; (for B) is [ ! ], and we can take Py = [1 ! ]

Pi'AP = P,'BP, or B= PP 'AP P,

So if we put P = PlP{1 then P~'AP = B as asked by the question. So

o (L1711 1] 12 0] [1 0
F=hh _L-Az'Lq,_2—44“—22

An easy check shows that AP = PB.



1 —1
5. Let A = L 0].

(a) Sketch the first six points of the trajectory for the dynamical system

Xpi1 = Axy taking xo = 1

origin as a spiral attractor, spiral repellor, or orbital centre?

1] . From this would you classify the the

(b) Find an invertible matrix P and a matrix C' of the form C' = [Z _ab]
such that A = PCP~1.

Solution

(a)

w3 [

== =[]
-ao= {1 9] 5= 5
= Ax3 = 1 _01_ :} = __01_’
el e | 1R

e[ )01

You can plot these points on an x — y plane. We have xq = Xg, so
any further points will just cycle around the points we have already.
It should be clear that the trajectory doesn’t spiral into the origin,
or spiral away from the origin. Thus the origin is an orbital centre.

(b) To answer this part of the question we need to find the eigenvalues
and eigenvectors of A. The characteristic equation is

0=(1—-N(=A)+1=N-1+1



The roots of this equation are

A_1i\/1—4_1iz\/§
2 27 2

(Note that the eigenvalues have modulus

() (%) Vi

This agrees with the fact that the origin is an orbital centre for the
corresponding dynamical system, as we have observed in part (a).)

1 V3

Take \ = 5~ 5 and find the corresponding eigenvector:
1/2 +iV/3/2 —1
1 ~1/2+iV/3/2

We can use either the first or second row of this matrix. The first
row gives

(1/24iV3/2)a1 —22 =0 or x5 = (1/2+4iV3/2)x1.

E\ = Nul (A — AI) = Nul {

This gives an eigenvector vi = [ ] . To make calculation

1
1/2 4+ iv/3/2
. 2
easier we could take v = [ 14 \/31 )

V3 . . 2
Note that for A = 2 + 5 the eigenvector is vy = [1 B z\/§] :

p—

The matrix P is
P = [Re(vy) Im(v1)] = E \%] |

and the matrix C is

o= 1

We can check the answer by showing that AP = PC:"
1 —1][2 o0 1 —V3
=l ol = b o
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-3 2
-1 =5
eigenspace.

6. LetA:[

] . Find the (complex) eigenvalues and a basis for each

Solution The characteristic polynomial is given by

—3—-)X 2
det(A—AI) = det[ 4 _5_)\]
= (=3 =N (=5-X)+2
= M 4+8\+1T.

Solving A2 4+ 8\ + 17 = 0 gives

. —8++64—-68 —8+2
- 2 2

Take the eigenvalue A = —4 — ¢. To find an associated eigenvector we
find the null space of A — (=4 — i) I:

A = —4 4.

A+ 4+l = [1“ 2 ]

-1 -1+
Recall that both rows of this matrix give the same information. I choose

to use the second row so that I can avoid fractions in my answer. the
information given is that

-1+ (=14+dzea=0 or =z =(—1+1)xe.

We can choose an arbitrary value for x5 and I choose x5 = 1. This gives
the eigenvector
v — [—1 + z]
1

which is a basis for the corresponding eigenspace.

Now we know from the theory that ¥; (the conjugate of vy) is an eigen-
vector for the eigenvalue A = —4 +i. So we can take

— —1—
V2:V1:[ 1 ]

as a basis for the eigenspace corresponding to —4 + .
Let us also find a factorisation A = PCP~!, with C of the form

C:[a_qzmdmbeR
b a
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Take the eigenvalue A = —4 — ¢. The matrix P is given by

P =[Rev; Im vy = [_11 (1)]

C comes directly from the eigenvalue:
—4 —1
C= { 4o 4] .

We can check the correctness of P and C' by showing that AP = PC"

[—3 2] [—1 1] 5 —3]
AP = -1 —5] [1 0 |4 -1}’
(—1 11 [-4 —1] [5 -=3]
PC__1 0]_1 —4| " |-4 -1
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7. Find the orthogonal projection of v onto the subspace W of R* spanned
by uy, u, us.

3 1 1 0
vV = -2 u; ! U2 -1 Us 0
4 |’ 0]’ -1’ 1
-3 0 1 1

Find the distance from v to W.
Solution

Since {uj,u, u3} is an orthogonal basis for W = Span{uj, us, us}, the
projection v is given by

~ vV-up V-uo V-us
vV = u; + Uy + Us
u;-u; Ug-Uu2 us-us
1 0
N e
2 4 |—-1] "2 1
1 1

The distance from v to W is

37 [0 3

: - 1 ~
V== - |i[1=115]||= vE e rai=s

3] o 3
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8. Find all possible values of a,b in R for which the 2 X 2 matrix

a l
U=, f]
V5

is orthogonal.
Solution

Recall that an orthogonal matrix is a square matrix with orthonormal
columns. Thus we have to find all possible values of a,b in R for which
the two columns

form an orthonormal set.

Note that the second column has length one since

2 2
2 1\ a1
\/(75) () =it
Requiring that the two columns are orthogonal to each other is the same
2
as requiring that their dot product is zero, that is [Z] : [‘{5] = (0. This
NE

gives the linear equation

that is equivalent to
(1) 2a+0=0.

Imposing the condition that {Z] has length one gives the degree two

equation
(2) a’> +b*=1.
From (1) we get
b= —2a.
Substituting this into (2) we get a® + 4a® = 1 that is
1
a==x—.

V5
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Thus there are only two possibilities for the pair a, b
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9. A dynamical system is described by the matrix equation xz.1 = Axy
where the matrix A is given by

0.5 0.2
A_LﬁﬁlJ'

The matrix A has eigenvalues 1 and 0.7.

(a) Find the eigenvectors of A.

(b) If x¢ = {471 , find the long term behaviour of the dynamical system.

Solution

(a) Ej is the null space of A — I:

—0.5 0.2] 1 —04
A_[_lwﬁcu_%lo 0]
L (0.4 :

so that 1 = 0.4x,. This gives vi = ) ] as an eigenvector.

Ey 7 is the null space of A —0.71:
—0.2 0.2 . 1 -1
—0.5 0.5 0 0
. 1
so that x1 = xy. This gives vy = [J )
(b) The long term behaviour is given by
Xp = )\’fclvl + )\SCQVQ

where \y = 1, A9 = 0.7 and ¢; and ¢y are determined by x, and

satisfy:
4 0.4 1
Xg = C1V] + CVy < 7 =C 1 + ¢ 1l

To find ¢1,co we row reduce the augmented matrix of the above
system:

O.414_>117_>117_>117_>105
1 17 04 114 0 0.6]1.2 0 1]2 0 1|2

15



Thus ¢; = 5,co = 2 and

x, = 1%5 {Oﬂ +(0.7)"2 H —5 {014] - E]

as k — oo.

16



10. On any given day, a student is either healthy or ill. Of the students who
are healthy today, 90% will be healthy tomorrow. Of the students who
are ill today, 30% will be ill tomorrow.

(a) Construct the stochastic matrix for this situation.
(b) Suppose that 20% of the students are ill on Monday. What percent-
age of the students are likely to be ill on Wednesday?

(c) In the long run what fraction of the students are expected to be
healthy?

Solution.

(a) If we take the states as Healthy and Ill the transition matrix is given
by

From:
Healthy Ill To:

T 0.9 0.7 | Healthy
101 03 Il

(b) From the information in the question x; = 0 8] is the probability

0.2
vector describing the situation on Monday. To find the percentage
of students ill on Wednesday we need to find x,.

r 2
0.9 0.7]7 0.8
_ _ g2,
M_TM_TX“‘9104 EJ
~ [0.88 0.84] [0.8
~0.12 0.16] 0.2
~ [0.872
~|0.128]

So the proportion of students expected to be ill on Wednesday is
12.8%. It is not actually necessary to calculate the proportion ex-
pected to be healthy (that is the first entry of x2), and in fact we
could just calculate the second row of T? since we only need that row
to calculate the second entry of xo, which is the proportion of students
which 1s expected to be ill on Wednesday.

(c) Since the stochastic matrix T is regular! we know that for any ini-

'Recall that a stochastic matrix T is regular if some matrix power T" has only strictly positive entries.

17



tial probability vector xg the Markov chain x; = T"x, converges to
the unique steady state vector of T' (this means that the long term
behaviour is described by the unique steady state vector of T, inde-
pendently of the initial probability vector xj). Thus to answer this
question we need to find the steady state vector, and to do this we
find the null space of T'— I:

—-0.1 0.7 1 =7
F=1I= [0.1 —0.7] ” [o o}
This gives x1 = Tx9, and putting this into the equation z; + x5 = 1
we get x5 = 1/8 and z1 = 7/8 so that the steady state vector is
~|7/8
- |1
be well.

]. So in the long run 7/8 of the students are expected to

18



11. T : Moyo — Moy is given by
T(A) = AB — BA

11 a b
WhereB—[O 1] andA—[C d]'

(a) Find the matrix of 7" with respect to the“standard” basis for Msyo:

s= {05 oo o B 2 )

(b) Find a basis for the kernel of T
(c¢) Explain why T is not one to one.
(d) Find a basis for the range of T
(e) Explain why T is not onto.

Solution

(a) First note that

a bl |1 1 1 1| |a b
ﬂm:AB_B4:_cJL)J_L1}Ld]
_Ja a+b} B [aJrc b+d}

c c+d c d
B [—c a—d]
0 c

From this

10 01 )
T <[0 O]) = [O 0] and has coordinate vector

00 00

0
T <[0 1]) = [O 0] and has coordinate vector 8 :
0

19



e
00 -1 0 ) 0
T(L 0]) = [0 1] and has coordinate vector NE
- 1_
"0
00 0 —1 ) —1
T([O 1]) = [0 0] and has coordinate vector 0
_0_
Hence the matrix of T is
00 -1 O
10 0 -1
=100 0 o
00 1 O

(b) The kernel of T is the set of all matrices A for which T'(A) = 0 (the
zero matrix). So for matrices in the kernel of T

IR

This gives a = d and ¢ = 0, while b is free. So matrices in ker(7') are

of the form
a b . 10 b 01
0 al |0 1 0 0|’

and a basis for ker(7") is given by

o 1) 1o ol

(c) T is not one to one as it has a non zero kernel.

(d) From our calculations the range of T' consists of all matrices of the

form —c a—d
© 0 c

R R R R i

20
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00 0O 1]7]0 0
range of T'. However they are not linearly independent and so they

don’t form a basis. A basis for the range of T is given by { [O 1] : [_1 0] }

From this we can see that {{O 1] , [_1 O] : [0 _1]} span the

00 0 1

(e) A matrix such as [O

1 O] is not in the range of 7. Hence T cannot

be onto.
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12. T : Py — Py is given by

(a)
(b)

T(p(z)) = p(3z +2).
Find the matrix of T" with respect to the standard basis for Py, B =
{1, z,2%}.
If possible find a basis for P, for which the matrix of 7" is a diagonal
matrix.

Solution

(a)

To find the matrix of T" we find the effect of T" on the basis vectors

1,2, 2%

T(1) =1, T(xr)=3x+2, T(z%) =3z +2)°=4+12x+92°

we now find the coordinate vectors with respect to the standard
basis.:

1 2 4
T(W)]s = 0], [T(@)s = |3] ,[7@)]s = |12
0 0 9

The matrix of T" with respect to B is given by

12 4
Tlg= |0 3 12
00 9

To answer the second part of the question we aim first to diagonalise
the matrix [T]z. When we have done that we can translate the
information back to Ps.

Since [T']g is an upper triangular matrix we can read the eigenvalues
on the diagonal: 1, 3 and 9. Because these are all distinct, we know
that T is diagonalisable. We find the eigenspaces corresponding to
these eigenvalues.

02 4 010
Ey=Nul ([T]g—1)=Nul |0 2 12| =Nul [0 0 1
00 8 000
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This gives o = x3 = 0 and z; is free. So an eigenvector correspond-

1
ingtoA=1isv; = |0f.
0
—2 2 4 1 -1 0
E3=Nul ([T|g—3I)=Nul | 0 0 12| =Nul |0 0 1
0 0 6 0 0 0
This gives 1 = x5 and x3 = 0, so an eigenvector for Fj3 is given by
1
Vo = 11.
0
-8 2 4 1 0 —1
Ey=Nul (T]g—1)=Nul | 0 —6 12| =Nul |0 1 -2
0O 0 0 00 O
This gives 1 = x3 and xo = 2x3, 0 an eigenvector for Ej3 is given by
1
V3 = 21.
1
1 1 1
So a basis in R? for which [T is diagonalis { {0], |1], |2]| ;, and
0 0 1

a basis C in Py for which [T¢ is diagonal is C = {1, 1+, 1+ 2z +z?%}.
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13. Consider the vector space W given by W = Span {e**, €2* cos z, e** sin x}.
Let D : W — W be the differential operator defined by D(f(z)) = f'(x)
for every f(x) € W (where f'(x) is the derivative of f(z)).

(a) Find the matrix of D with respect to B = {e**, ¢** cos x, e** sinx}.

(b) Compute the derivative of f(x) = 3e** — 3e2* cos & + 5e** sin x using
the matrix you have just constructed in part (a).

(¢) Use the matrix in part (a) to find [(2e* cosz — 4e** sinx) du.

Solution

(a) We find the effect of D on the basis vectors:
D(e*") = 2e**, D(e*" cos ) = 2¢*" cosx — e sin
D(e** sinz) = 2e* sinx + €** cos .

We now find the coordinate vectors:

2 0 0
[D(e*)|g = |0|, [D(e*cosz)|g= | 2

2 00
Dlg=1]0 21
0 —1 2
3
(b) The coordinate vector for f(x) is given by [f(x)]pg = |—3|. We
5)
calculate
2 00 3 6
[Dls[f(x)]ls=]0 21| |=3]=]-1
0 —1 2 5 13

This is the same as [D(f(x))]s the coordinate vector of the derivative
of f(z) and so it tells us that the derivative of f(z) is

f'(x) = 6e** — e* cosx + 13e* sinx .
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¢) The coordinate vector of g(x) = 262x COS T — 462w sin z in the basis B
g
1S

0
[9(z)]s = | 2
—4
The inverse of [D]g is given by
0 0
Dls' =10 & —
05 3
We have
30 0 0 0
Dl'lg@)s=02 —z | |2|=]| 2
o LS [
that is
0
[D]s % = lg(x)]s
5

The above identity tells us that
8 6
D (5629” Cos T — 562"” sin x) = g(r) = 2e** cosw — 4e* sinx

SO §e2x COST — ge% sin z is an antiderivative of 2e%* cos x — 4€%* sin .

Thus we have
2x 2r . 2x 6 2 .
2e“" cosx — 4e” sinx = ge CcoS T — 56 sinz + C

where C' is an arbitrary constant (check this result by differentia-
tion!).
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